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Summary 
This thesis addresses two limitations of classical continuum models – pathological 
localization during softening, as well as the inability to predict size dependent 
behavior during hardening. A gradient enhancement is adopted and investigated to 
address these issues. In the latter case, the gradient formulation is derived through 
a newly proposed homogenization theory, using a crystal plasticity model at the 
fine-scale. 
It is well documented that classical models are mesh-dependent during strain 
softening. This can be avoided by adopting an “implicit” gradient enhancement, 
which introduces a length scale parameter into the model, characterizing the 
thickness of the process zone – a localized region of micro-processes during 
softening. However, for some material models, the implicit gradient enhancement 
serves only as a partial localization limiter – whereas the global response 
converges upon mesh refinement, localization still occurs with discontinuous strain 
rates. The “over-nonlocal” implicit gradient enhancement proposed in this thesis is 
shown to overcome the partial regularization anomaly for a linear softening von 
Mises model. 
One broad class of softening models is that of cohesive-frictional materials such as 
concrete. The development and calibration of these models are complicated and 
tedious since material responses are highly dependent on the strain path. Several 
models capable of predicting the experimentally observed response under different 
loading conditions are reported to suffer from partial regularization properties. We 
adopt a sophisticated plasticity-damage model for concrete and show that the 
proposed over-nonlocal gradient enhancement is able to fully regularize this model 
whereas standard nonlocal gradient, as well as integral formulations fail to do so.  
Another limitation of classical models stems from the fact that they are scale-
independent and thus unable to capture size effect phenomena in metals when the 
deformation is heterogeneous. Many rate-independent continuum models utilize 
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the gradient of effective plastic strain to capture this size-dependent behavior. This 
enhancement, sometimes termed as an “explicit” gradient formulation, requires 
higher-order tractions to be imposed on the evolving elasto-plastic boundary and 
the resulting numerical framework is complicated. An implicit scalar gradient 
model, on the other hand, only requires boundary conditions on the external 
surfaces of the entire domain and its numerical implementation is therefore 
straightforward. However, both explicit and implicit scalar gradient models can be 
problematic when the effective plastic strains do not have smooth profiles. To 
address this limitation, a tensorial implicit gradient model is proposed based on the 
generalized micromorphic framework. The size effect prediction of the proposed 
model is shown by studying a bending problem. It is also demonstrated that both 
scalar and tensorial implicit gradient models give similar results when the effective 
plastic strains fluctuate smoothly, e.g. in flat-tip indentation. 
Another type of (material) size effect is observed even when the deformation is 
homogeneous (e.g. in tensile tests). Here, the strength of a material varies inversely 
with the grain size, i.e., the Hall-Petch effect. One approach to capture this 
phenomenon is to adopt strain gradient crystal plasticity models that account for 
the inter-granular resistances via non-standard interface conditions. However, this 
becomes computationally expensive for large problems since the discretization has 
to be done at a scale smaller than the average grain size. Considering uniform 
macroscopic shear, we propose a homogenization theory applied to a fine-scale 
crystal plasticity model with one slip system. The work done, the stored and 
dissipated energy at a (macro) point are equivalent to the corresponding average 
(micro) quantities within a grain in the material. When the interfacial resistances 
are present, the homogenized (macro) solution is able to predict additional 
hardening due to the micro-fluctuations. Moreover, two length scale parameters, 
i.e., the intrinsic length scale and the size of an average grain, naturally manifest 
themselves in the homogenized solution.  
Next, the homogenization theory is extended to a plane strain bending problem 
where both the non-uniform deformation and interfacial resistance contribute to the 
size effect. For a symmetric double slip system, the homogenized micro-force 
balance takes the same form as the implicit gradient equation. Using the 
homogenization scheme, there is now a clear physical interpretation of the 
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kinematic variable associated with the implicit gradient equation. Moreover, the 
homogenized solutions match closely with those obtained from the fine-scale 
crystal plasticity model for two extreme cases considered (microfree and 
microhard boundary conditions). In addition, the study shows how the two effects 
and three relevant length scales propagate and interact at the macro scale.   
The standard formulations in a generic problem are likely to encounter both types 
of limitations discussed earlier – a size effect during hardening, as well as 
localization beyond a threshold load. Many gradient enhancements in literature are 
formulated with the intent to resolve only a particular type of limitation. Such 
models may not perform adequately when the problem also involves the other 
limitation. In this study, we have separately addressed the two different issues with 
an implicit gradient formulation. This serves as a starting point towards a unified 
higher order model which remedies both types of limitations in classical models. 
  
1 Introduction  
Classical continuum mechanics theories assume statistical homogeneity of the fine-
scale micro-processes within a representative volume element (RVE). At the macro 
level, a material point characterizes the average response of the RVE centered at 
that position, i.e., the (macro) material response at a point is dependent only on the 
kinematic and state variables at the same point. This is a reasonable assumption as 
long as these fields vary in a sufficiently smooth manner.  However, the predictive 
capabilities of these “local” theories break down when the micro-processes 
fluctuate rapidly with respect to the size of a RVE. We investigate two such 
situations in this thesis.  
1.1 Localization of deformation 
A good understanding of a material’s residual strength and ductility beyond its 
maximum load bearing capacity is important in many engineering designs. For 
example, such knowledge is necessary to avoid sudden catastrophic failures of 
civil engineering materials such as concrete and consolidated soils, or to prevent 
ductile failure of metals during a forming process. A macroscopic nonlinear 
response results from the presence of micro-voids and micro-cracks which nucleate 
and coalesce with deformation, schematically shown in Fig 1.1. At the early stages 
of loading, these defects can be assumed to be uniformly distributed in the material, 
as adequately described with plasticity and/or damage laws in a standard 
continuum model. However, beyond a critical point, the defect accumulation 
becomes much more significant in one region, which creates a local weakness in 
the structure. Further loading will lead to strain localization in narrow deformation 
bands while the rest of the structure unloads. At the structural level, this 
phenomenon manifests itself as a strain softening behavior, where the material 
strength decreases with deformation.  
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Fig 1.1: Schematic representation of the micro processes during loading. 
The intensely heterogeneous deformation during strain softening clearly violates 
the assumption of smoothly varying fields and standard continuum models become 
inadequate. Mathematically, the boundary value problem describing the 
deformation process ceases to be well-posed. Numerically, these models exhibit a 
strong, pathological dependence on the orientation and size of the finite element 
mesh during softening. In the limit of vanishing element sizes, the numerical result 
predicts a perfectly brittle material response (Bazant et al., 1984). These mesh 
dependency issues during softening impose a severe limitation on the applicability 
of numerical models to study the material behavior during failure.  
One approach to address this limitation is to adopt an implicit gradient 
enhancement, where an additional governing equation is introduced into the 
formulation (Peerlings et al., 1996). Such an equation can be interpreted as an 
averaging operation on the fluctuating field and incorporates into the model a 
length scale parameter that is related to the deformation band width (Peerlings et 
al., 2001). However, for some material models, the implicit gradient enhancement 
is not able to fully regularize the strain softening behavior. In such cases, although 
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the structural response converges upon mesh refinement, localization still occurs 
with discontinuous strain rates.       
1.2 Size effects 
Due to the miniaturizing trend in the micro-electronics and micro-systems industry, 
a topic of increasing interest is the size dependent behavior of metals. Many 
experiments have demonstrated that metals exhibit a higher strength in small scale 
structures compared to macroscopic test samples. Several engineering applications, 
for example, in the design and manufacture of Micro Electro Mechanical Systems 
(MEMS), require a quantitative knowledge of the deviation from bulk properties so 
that accurate predictions at small scales can be obtained.  
During plastic deformation, the work required for the generation and storage of 
dislocations in a microstructure is typically accounted for by the plastic hardening 
term in the constitutive model. In a heterogeneous deformation (e.g., see Fig 1.2), 
however, additional work is required for the generation of geometrically necessary 
dislocations (GNDs) to accommodate the geometrical incompatibilities imposed by 
the deformation. The contribution of this additional hardening term becomes 
increasingly significant as the characteristic specimen length approaches the 
characteristic size of the underlying microstructure. At the macroscopic level, this 
results in a size dependent behavior of the specimen (Ashby, 1970). Classical 
continuum models, being scale independent, are unable to predict this size effect 
phenomenon. One remedy is to adopt higher order formulations incorporating the 
plastic strain gradient as a measure of the GNDs induced by the heterogeneous 
deformation (e.g. Fleck and Hutchinson, 1997).   
Another type of (intrinsic) size effect is observed when the specimen is loaded 
homogeneously, for example in a tensile test. In this case, while the macroscopic 
deformation is uniform, individual grains deform differently from one another at 
the crystallographic level in order to satisfy the geometrical constraints at their 
shared boundaries (Ashby, 1970). This results in the presence of GNDs at these 
boundaries, shown schematically in Fig 1.3.   
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Fig 1.2: Generation of GNDs when the structure deforms non-uniformly, e.g., 
(a) bending; (b) shearing of a composite material consisting of non-deforming 
plates bonded to a (single slip) crystal matrix (c.f. Ashby, 1970). 
 
Fig 1.3: GNDs at grain boundaries (or phase boundaries) in order to satisfy the 
crystallographic geometrical constraints (c.f. Ashby, 1970).  
Since the additional work required to generate the GNDs occurs only at the grain 
boundaries, the (macroscopic) strength of a material becomes inversely 
proportional to its grain size, a phenomenon commonly known as the Hall-Petch 
effect. In homogeneous loading conditions, the yield stress is made grain size 
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dependent in classical models. For a generic problem, classical models are 
deficient since they cannot capture the intrinsic interfacial behavior. One approach 
to resolve this limitation is to adopt a strain gradient crystal plasticity model that 
incorporates the response at the grain interfaces with higher order boundary terms 
(e.g. Gurtin, 2002). 
1.3 Objective 
The objective of this thesis is to address these two key limitations of classical 
continuum models highlighted in Sections 1.1 and 1.2.  
• In cases where the pathological localization during softening is not fully 
resolved with a standard implicit gradient enhancement, a refined version is 
proposed so that full regularization is achieved.  
• Higher order models formulated to predict size dependent behavior during 
hardening typically involve the (explicit) gradient of the plastic strain. This 
thesis aims to resolve the size dependent hardening behavior using an 
implicit gradient formulation.   
• This thesis also aims to achieve a clear physical understanding of the 
implicit gradient formulation such that the higher order model can 
distinguish between the two different types of size effect in metals as 
mentioned in Section 1.2.  
1.4 Outline 
The thesis considers two forms of gradient enhancement to address the different 
limitations of classical continuum models in softening and hardening. A more 
extensive literature review is made in the introduction of the following chapters. 
Chapters 2 and 3 focus on the mesh dependency issues during strain softening. 
This sensitivity is avoided by adopting the “implicit” gradient enhancement. 
However, for some material models, the implicit gradient enhancement serves only 
as a partial localization limiter. The “over-nonlocal” implicit gradient enhancement 
proposed in Chapter 2 is shown to overcome the partial regularization anomaly for 
a linear softening von Mises model.  
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Chapter 3 considers a sophisticated plasticity-damage model for concrete and 
shows that the over-nonlocal gradient enhancement is able to fully regularize this 
model, whereas standard nonlocal gradient or integral formulations fail to do so.  
The next three chapters address models that aim to resolve the size effect 
phenomena in metals. An implicit scalar gradient model, capable of predicting size 
dependent behavior, is found to be problematic when the effective plastic strains 
do not have smooth profiles. To address this limitation, an implicit tensorial 
gradient model is formulated in Chapter 4 based on the generalized micromorphic 
thermodynamics framework. It is also demonstrated that the scalar and tensorial 
implicit gradient models give similar results when the effective plastic strains 
fluctuate smoothly. 
One type of intrinsic size effect, i.e. the dependence of the macroscopic response 
on the grain size, is reflective of the inter-granular resistances in polycrystalline 
metals. This interfacial response has a dominant influence on the macroscopically 
observed material behavior. To study this influence, a homogenization theory 
applied to a fine-scale crystal plasticity model with one slip system is proposed in 
Chapter 5. When grain boundary resistances are present, the homogenized (macro) 
solution is able to predict additional hardening due to the micro-fluctuations.  
Chapter 6 extends this theory to a plane strain bending problem, where the 
resulting homogenized micro-force balance takes the same form as the implicit 
gradient equation. With the homogenization scheme, a clear physical interpretation 
of the kinematic variable associated with the implicit gradient equation has been 
obtained. Moreover, the homogenized solutions match closely those obtained from 
the crystal plasticity model for two extreme cases considered (microfree and 
microhard assumptions).  
The closing chapter summarizes the main achievements. 
  
2 Implicit gradient enhancement in softening1 
Abstract: Classical constitutive models exhibit strong mesh dependency during 
softening and the numerical response tends towards a perfectly brittle behavior 
upon mesh refinement. Such sensitivity can be avoided by adopting the “implicit” 
gradient enhancement which has only C0 continuity and its numerical 
implementation is straightforward. However, for some material models, the 
implicit gradient enhancement serves only as a partial localization limiter. Drawing 
analogy to the over-nonlocal integral formulation, the over-nonlocal implicit 
gradient enhancement is proposed. For a linear softening von Mises model, the full 
regularizing capability of the refined gradient enhancement is demonstrated when 
the standard gradient formulation fails to do so. 
2.1 Introduction 
It is widely reported that classical continuum models for softening materials are 
unable to provide meaningful post-peak results. Mathematically, the initial value 
problem loses its hyperbolicity in dynamics (in statics, the boundary value problem 
loses its ellipticity). Numerically, these models exhibit strong pathological 
dependence on the orientation and size of the finite element mesh during softening. 
In the limit of infinitesimal element size, the softening behavior localizes to a set of 
zero volume and the material response approaches that of perfectly brittle behavior. 
Energy dissipation during the softening process then approaches zero. During 
strain softening, deformation localizes in a shear band, a region determined by the 
microstructure of the material. Classical models are inadequate in describing this 
micro-process zone. 
                                                
 
1
 Based on: Poh, L. H., Swaddiwudhipong, S., 2009. Int. J. Plast. 25, 2094-2121. 
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One regularization technique is the nonlocal integral formulation, where the 
quantity at a point depends on the spatial average of the corresponding field over 
its neighborhood. This supplements the shortfall of classical models which 
homogenize the variable fields even at the material microstructure level. In the 
nonlocal integral method, a length scale enters the constitutive model via the 
interaction radius. Bazant et al. (1984) were among the earliest to apply this 
concept to regularize the boundary value problem. There is a subclass of nonlocal 
integral formulations where the effective parameter is the weighted sum of the 
nonlocal and local values respectively, first proposed by Vermeer and Brinkgreve 
(1994) and later implemented by Stromberg and Ristinmaa (1996). This novel 
approach sets the weight for the nonlocal parameter as greater than unity and 
compensates for the excess by assigning a negative weight to the local component. 
It is reported that this “over-nonlocal” approach is required to simulate a mesh 
independent shear band for some material models (Di Luzio and Bazant, 2005; 
Grassl and Jirásek, 2006b). However, nonlocal integral implementations typically 
require a global averaging procedure and the resulting equations are difficult to 
express in the incremental form (e.g. Strömberg and Ristinmaa, 1996).   
The “implicit” gradient approach introduces a Helmholtz equation which involves 
the Laplacian of the nonlocal variable (Peerlings et al., 1996). When solved in the 
weak sense, the differential equation has only C0 continuity requirement and the 
numerical implementation is straightforward. Moreover, this class of gradient 
enhancement is closely related to the integral approach and can be shown to be 
strongly nonlocal (Peerlings et al., 2001). For dimensional consistency, a length 
scale parameter associated with the gradient term is introduced. This parameter is 
related to the shear band thickness, thus bridging the gap between classical theories 
and micromechanical models. However, similar to the integral formulation, the 
implicit gradient enhancement can fail to fully regularize some material models 
during softening. This is illustrated in the following sections with the linear 
softening von Mises model. Drawing analogy to the over-nonlocal integral 
formulation, an over-nonlocal gradient enhancement is proposed and shown to 
resolve the localization issue completely. The influence of the weighting factor in 
the over-nonlocal formulation is also discussed.     
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2.2 Gradient approximation to the nonlocal integral formulation 
In the nonlocal integral formulation, the local variable )(xf is replaced by its spatial 
average )(xf  (Pijaudier-Cabot and Bazant, 1987) 







1)(  (2.1) 
where x, y are the coordinates vectors, )( xy,α is the weight function and 
dvV
v
∫= )()( xy,x α  is the normalizing factor.  

































Assuming that )( xy,α is an even function, the odd derivatives vanish when )(yf  is 
substituted into Eq (2.1). Thus we obtain the gradient form of the nonlocal variable 
...)()()()( 42 +∇+∇+= xxxx fdfcff  (2.3) 
where c, d have the units of length to the power of ∇ , 2∇ is the Laplacian operator 
and ( ) 2/2 nn ∇=∇ .  
The difference between Eq (2.3) and its second gradient results in the implicit 
gradient equation  
)()()( 2 xxx ffcf =∇−  (2.4) 
where the higher order gradient terms are neglected. 
An infinite number of higher derivatives of )(xf  is introduced into the Helmholtz 
equation implicitly via )(2 xf∇ . The implicit form is thus strongly nonlocal and 
spatial interactions can occur at finite distance. Peerlings et al. (2001) have shown 
that in 1D, by considering a particular Green’s function and boundary conditions, 
the implicit form has the same expression as the nonlocal integral formulation. 
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2.3 Linear softening von Mises model 
The von Mises model is adopted in this chapter for the gradient enhancement study. 
The yield function is written as 
)ˆ(λσσ yeqF −=   ,   ijijeq SS23=σ    ,   λσλσ ˆ)ˆ( 0 hy +=  (2.5) 
where ijS is the deviatoric stress tensor, 0σ  is the initial yield strength and h is the 
softening modulus. For simplicity, we assume linear softening behavior (h = 
negative constant). Nonlocality is introduced via the enhanced effective plastic 
strain λˆ  in Eq (2.5) which is defined later in Section 2.4.1. 













=  (2.6) 




eff εεελ &&&& 32== . The Kuhn-Tucker conditions must be fulfilled at 
all times 
0≥λ&    ,   0≤F    ,   0=Fλ&  (2.7) 
2.4 Over-nonlocal implicit gradient enhancement 
Analytical solutions for the propagation of acceleration waves in associated 
plasticity were derived by Hill (1962). When a dynamic problem loses its 
hyperbolicity, the loading waves cannot propagate and the solution becomes 
unstable. To ensure the well-posedness of the problem, the propagation speed must 
not become imaginary. Many researchers have employed wave propagation studies 
to determine the suitability of the enhanced constitutive model as localization 
limiters (e.g. Lasry and Belytschko, 1988; Peerlings et al., 2001).  
Di Luzio and Bazant (2005) studied the regularizing effects of both nonlocal 
integral and gradient formulations on various material models. It was reported that 
the effectiveness of different regularizing methods is dependent on the material 
models. For example, the nonlocal integral and the implicit gradient formulations 
are unable to reproduce the localization band in linear softening von Mises 
material. It was also shown that the over-nonlocal integral method is able to 
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remedy the problem. For the over-nonlocal integral method, the local and nonlocal 
variables are linearly combined such that 
)()1()()(ˆ xxx fmfmf −+=  (2.8) 
where )(xf  is the nonlocal variable and )(xf is the local variable. Spurious 
localization is avoided if 1>m , hence the name “over-nonlocal”. In analogy to the 
integral method, we adopt the over-nonlocal implicit gradient enhancement in this 
chapter. 
2.4.1 Spectral analysis 
We perform a one-dimensional spectral analysis on the gradient enhanced model. 
Ignoring body forces, the equation of motion is written as 
ttxxttx uEu ,,,,, )( &&&&& ρλερσ =−⇒=  (2.9) 
where ρ  is the density, u&  is the velocity, E is the elastic modulus, λ&  is the 
effective plastic strain rate and ( )
x,
implies differentiation of ( )  with respect to x.  
Similar to the over-nonlocal integral approach, the enhanced effective plastic 
strain λˆ  in Eq (2.5) is defined as 
λλλ )1(ˆ mm −+=    ,   λλλ =∇− 22l  (2.10) 


























From Eqs (2.11c) and the implicit gradient equation in Eq (2.10b), we can then 

















Substituting the harmonic wave solution )(),( tkxiAetxu ω−=&  and )(),( tkxiBetx ωλ −=&  































For a non-trivial solution, the determinant of the coefficient matrix must be zero, 
which implies 
[ ] 0)1()1()( 2222222222 =++−−−−−− klkEmkhlkElhEEk ρω  (2.14) 
In statics ( )0→ω , we have  
[ ] 0)1(1 222 =−+ mklEhk  (2.15) 
It is noted that for the local formulation ( )0=l  or the standard implicit gradient 
formulation ( )1=m , we cannot obtain a non-zero real value for k. For the over-






=  (2.16) 
where well posedness is restored only if 1>m . The corresponding critical 
wavelength crα  is 
1,12 >−= mmlcr piα  (2.17) 
For a loading wave, only wavelength crαα ≤  propagates. Larger wavelengths are 
dissipated by material damping and a stationary harmonic wave of wavelength 
crα is obtained. This critical wavelength crα is a useful indicator of the expected 
localized band width.  
2.5 Numerical implementation 
Ignoring body forces, the set of governing equations for the finite element 
formulation comprises of the equilibrium equation and the implicit gradient 








The weak form of the equilibrium equation with suitable weight function 1w  
provides the standard traction boundary conditions 
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( ) ( )∫ ∫ ⋅=∇
v s
dsdv twσw 11 :  (2.19) 
while nσt ⋅=  is the traction acting on the boundary surface (n is the unit normal 
to the domain boundary).  
The Helmholtz equation is also satisfied in the weak sense with suitable weighting 
function 2w  so that C
0 continuity for λ  is sufficient. Assuming the non-standard 
boundary condition 0=⋅∇ nλ , the weak formulation is obtained as 
( ) ( ) dvwdvwcw
vv
∫∫ =∇∇+ λλλ 222  (2.20) 
The equations are then arranged in the incremental form leading to the framework 
for finite element implementation 
( ) ( ) ( )












The numerical algorithm makes use of the elastic-predictor plastic-corrector 
procedure (see Appendix A). To facilitate finite element implementation, the 
primary unknown fields are discretized as 
aNTu =    ,   N
T λN=λ    (2.22) 
so that  
Baε =    ,   N
T λN∇=∇λ   (2.23) 
where superscript T implies transpose. 
Simone et al. (2003) have reported that such hybrid element formulation does not 
impose any interpolation constraints on the shape functions of different fields. We 
thus adopt in this chapter the same shape functions for displacement u and nonlocal 
parameter λ .  
Finally, we express σd  and λd  in terms of εd  and λd  (see Appendix B) and 

































where for a 27-node solid element, the submatrices are defined as 
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The gradient enhanced linear softening von Mises model is implemented in the 
finite element package ABAQUS via the UEL subroutine and the results are 
discussed in the next section.  
2.6 Numerical results and discussion 
2.6.1 Classical model and standard gradient enhancement 
3D simulations are carried out to demonstrate the localization limiting capability of 
the gradient enhancement. For a uniaxial tension simulation, only one-eighth of the 
rectangular block has to be modeled due to symmetry. Note that this forces the 
failure pattern to be symmetric, which may result in an over prediction of strength. 
The three faces shown in Fig 2.1 are the three planes of symmetry. The initial yield 
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strength 0σ  in the shaded segment is reduced by 5% to induce localization in this 
region. The material parameters used in the simulation are MPa102 4×=E , 
MPa102 3×−=h , MPa20 =σ  (1.9 MPa in the weakened segment) and 
2-62 m x105== lc . 
 
Fig 2.1: Dimension of rectangular block.  
For the classical von Mises model )0( =c , the numerical results tend towards a 
perfectly brittle response upon mesh refinement, as illustrated by the load-
displacement curves in Fig 2.2. The contour plots of the effective plastic strain as 
depicted in Fig 2.3 demonstrate the strong pathological dependence. Upon mesh 
refinement, the shear band localizes into a line. Such numerical results are 
meaningless since they are not reflective of the actual material response during 
strain softening. 
 
Fig 2.2: Load-displacement graphs for classical material model.   
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The load displacement graphs with the standard implicit gradient enhancement 
)1( =m  are depicted in Fig 2.4 and converge upon mesh refinement. However we 
know from the 1D spectral analysis that the standard implicit gradient enhanced 
model is not able to fully regularize the problem. This can be seen from the 
contour plots in Fig 2.5 where the effective plastic strain tends to localize into a 
band of single element thickness.  
Such models exhibit finite energy dissipation during softening but localization 
occurs with discontinuous strain rates (Jirásek and Grassl, 2004). Thus, although 
the load displacement response for the standard implicit gradient enhancement 
converges, the problem is not fully regularized and numerical results for the local 
field are not meaningful.     
 
Fig 2.4: Load-displacement graphs for standard implicit gradient model 




Fig 2.5: Effective plastic strain at failure for 320, 625 and 1715 elements using 




2.6.2 Over-nonlocal enhancement with the same length scale parameter 
The same analysis is now carried out for the over-nonlocal gradient formulation. 
We consider the same length scale parameter ( )2-62 m x105== lc  for different m 
values in this section. From the 1D spectral analysis, the critical wavelength crα  is 
a function of parameter m. Although 
crα  is derived from a 1D analysis, it is a good 
indicator of the shear band width in 3D. Numerical results for different m values 
(1.01, 1.1 and 2) are obtained. The load-displacement graphs plotted in Fig 2.6 to 
Fig 2.8 illustrate the convergence of the global response. The contour plots for the 
effective plastic strain are shown in Fig 2.9 to Fig 2.11. It is demonstrated that for 
the same m value, the shear band width is consistent for different element sizes. 
Full regularization is thus achieved for the over-nonlocal gradient enhancement. 
We note that the plastic strain profile in Fig 2.11 is slightly different from Fig 2.9 
and Fig 2.10 due to the large crα value. The graphs for different m values are 
compared in Fig 2.12. For the over-nonlocal gradient formulation, it is noted that a 
smaller crα  implies a more brittle response (as the shear band is narrower). It is 
noteworthy that just a 1% increment from unity in the m value is able to reproduce 
consistent shear bands for different element sizes even though the load-
displacement responses in Fig 2.12 for 1=m  and 01.1=m  are very similar.  
 
Fig 2.6: Load-displacement graphs for over-nonlocal gradient model 
)01.1( =m .  
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Fig 2.7: Load-displacement graphs for over-nonlocal gradient model )1.1( =m . 
 
Fig 2.8: Load-displacement graphs for over-nonlocal gradient model )2( =m . 
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Fig 2.9: Effective plastic strain at failure for 320, 625 and 1715 elements using 
over-nonlocal implicit gradient model ( 01.1=m , m104.1 3−×=crα ).  
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Fig 2.10: Effective plastic strain at failure for 40, 625 and 1715 elements using 
over-nonlocal implicit gradient model ( 1.1=m , m1044.4 3−×=crα ).  
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Fig 2.11: Effective plastic strain at failure for 320, 625 and 1715 elements 
using over-nonlocal implicit gradient model ( 2=m , m104.1 2−×=crα ). 
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Fig 2.12: Load-displacement graphs for different m values. 
2.6.3 Over-nonlocal enhancement with the same critical wavelength crα  
We observe from Eq (2.17) that different combinations of the length scale 
parameter and the weight parameter m can result in the same shear band thickness 
in 1D. This section investigates the material response for three different 
combinations of the two parameters leading to the same critical wavelength 
( )m10x44.4 3−=crα . Numerical simulations are done using 320 elements since 
earlier sections have shown that the solutions have converged with respect to mesh 
refinement at this element size. The load-displacement graphs are depicted in Fig 
2.13.  
 




Fig 2.14: Effective plastic strain profiles for m10x44.4 3−=crα  where (from 





The material behaves differently for the over-nonlocal formulation with different m 
values in Fig 2.13, despite the fact that a similar shear band width is obtained for 
all three cases as shown in Fig 2.14. For the same crα  value, a smaller m value 
produces a more ductile response in Fig 2.13 due to the greater spatial interaction 
caused by the larger length scale parameter c. This is also observed in Fig 2.14 
where a larger length scale parameter c results in a smoother plastic strain profile 
within the shear band.  
We thus note that in applying the over-nonlocal implicit gradient enhancement, it 
is not sufficient to provide an arbitrary set of m and c values that correspond to the 
shear band width observed experimentally. The parameters have to be further 
calibrated with additional experimental data (e.g. load-displacement graphs). This 
may be considered as a drawback of the over-implicit-gradient approach, since it 
introduces an additional parameter for calibration.   
2.7 Conclusion 
Although the standard implicit gradient formulation has a strong nonlocal nature, it 
may not fully regularize certain constitutive models. For these enhanced models, 
while the load-displacement results converge upon mesh refinement, their shear 
bands display strong mesh sensitivities. We illustrate this problem with the linear 
softening von Mises model. By drawing analogy to the over-nonlocal integral 
method, the over-nonlocal implicit gradient approach is proposed. In this approach, 
the effective plastic strain is the weighted sum of its local and nonlocal values 
where the weight for the nonlocal value is greater than unity and the excess is 
compensated with a negative weight to the local component. The over-nonlocal 
treatment is shown in this chapter to overcome the partial regularization deficiency 
for the linear softening von Mises model.   
Appendix A  
The numerical algorithm for the elastic-predictor plastic-corrector procedures 
adopted in the gradient enhancement is as follows 
• At each gauss point, compute incremental strain ε∆  and current nonlocal 
parameter λ  from the nodal values. 
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• Compute trial stress εDσσ ∆+= :entr  where superscript n refers to 
previous time step, eD  is the elastic modulus. 
• Check yield condition with ( )trtrF λˆ,σ , ntr mm λλλ )1(ˆ −+=  
If 0≤F ,  
trn σσ =+1 ,   nn λλ =+1   
Else  
 Compute λ∆  such that ( ) 0ˆ,1 =+ λnF σ  












petrn εDσσ ∆−=+ :1  
(For the linear softening von Mises model, a closed-form solution is 







0 λσσλ ).  
• Compute tangent stiffness matrix, out-of-balance forces in Eq (2.25). 
• Check convergence (by ABAQUS). 
Appendix B 


















  (2.26) 
where De is the fourth order elastic modulus.  
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28 






















ea λ   
We now express λd  in terms of the nodal degrees of freedom λd . The consistent 




ddF σλ 1ˆ0 =⇒=  (2.29) 
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where BA :  refers to the inner product while BA ⊗  refers to the dyadic product.  
 
 3 An over-nonlocal gradient enhanced plasticity-
damage model for concrete1 
Abstract: Classical continuum models exhibit strong mesh dependency during 
softening. One method to regularize the problem is to introduce a length scale 
parameter via the nonlocal formulation. However, standard nonlocal enhancement 
(either by an integral or a gradient formulation) may serve only as a partial 
localization limiter for many material models. The “over-nonlocal” formulation, 
where the weight for the nonlocal value is greater than unity and the excess is 
compensated by assigning a negative weight to the local value, is able to fully 
regularize certain material models when the standard nonlocal enhancement fails to 
do so. This was illustrated in Chapter 2 with the linear softening von Mises model. 
We further demonstrate in this chapter the capabilities of the enriched gradient 
formulation with a sophisticated plasticity-damage model for concrete. 
3.1 Introduction 
The accuracy of concrete models has improved tremendously over the years, and 
increasingly sophisticated models have been proposed to capture the material 
responses over a wide spectrum of loading conditions. Anisotropic damage models 
provide a good representation of microcrack evolutions (e.g. Chaboche et al., 1995; 
Cicekli et al., 2007; Voyiadjis et al., 2008). However, the fourth order damage 
tensor necessary in such anisotropic models, especially when coupled with 
plasticity, complicates the numerical implementation greatly. An isotropic damage 
assumption, although not as versatile under multiaxial stress states, usually 
produces reasonable results for most load conditions and is thus widely used due to 
its simplicity (e.g. Grassl and Jirásek, 2006a; Nguyen and Korsunsky, 2008).  
                                                
 
1
 Based on: Poh, L. H., Swaddiwudhipong, S., 2009. Int. J. Solids Struct. 46, 4369-4378. 
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An important aspect of concrete simulations is to study the material response until 
a near failure state. However, the boundary value problem becomes ill-posed 
during softening and classical continuum models are unable to provide meaningful 
post-peak results. Numerically, these models exhibit a strong pathological 
dependence on the orientation and size of the finite element mesh during softening. 
To the limit of infinitesimal element size, the softening behavior localizes to a 
band of zero volume and the material response approaches that of perfectly brittle 
behavior. An extensive overview on the regularization techniques to obtain 
meaningful results is given by Bazant and Jirásek (2002).  
One of the simplest remedies is the crack band model (Bazant and Oh, 1983),  an 
ad-hoc numerical treatment. Such models require the estimation of the crack band 
width and relating it to the element size in the localization zone. The stress-strain 
responses for these elements are scaled such that the energy dissipation is similar 
to the fracture energy, hence avoiding the spurious mesh dependency problem. 
This concept is employed in many plasticity-damage models where a parameter 
controlling the slope of the softening curve is linked to the fracture energy and the 
smallest element size to provide partial regularization (Cicekli et al., 2007; Grassl 
and Jirásek, 2006a; Wu et al., 2006). Despite the relative ease of implementation, 
this approach is useful only if the localized zone can be deduced in advance. 
Moreover, it is difficult to extend such models for mixed mode failures, since the 
scaling is usually based on tensile fracture. 
The softening behavior in concrete is largely due to the emergence, interaction and 
growth of microcracks. At this microscale range, the local strain field is inadequate 
to characterize the behavior of the microcracks. The softening phenomenon can be 
assumed to be dependent on the energy dissipation over a representative volume. 
This provides a physical basis for a nonlocal formulation of concrete models. In a 
nonlocal continuum, the quantity at a point depends on the spatial average of the 
corresponding field over its neighborhood, and a material length scale is 
introduced through this radius of interaction. For concrete models, this length scale 
can be related to the maximum aggregate size (Bazant and Pijaudier-Cabot, 1989). 
Bazant et al. (1984) were among the pioneers to apply this concept as a localization 
limiter. However, numerical implementation of the nonlocal integral formulation 
typically requires a global averaging procedure and the resulting equations are 
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difficult to express in the incremental form. Nevertheless, the nonlocal integral 
formulation has been applied successfully on many plasticity-damage models (e.g. 
Belnoue et al., 2007; Grassl and Jirásek, 2006b; Mohamad-Hussein and Shao, 2007; 
Nguyen and Korsunsky, 2008). 
An alternative regularizing technique which is closely related to the integral 
approach is the gradient formulation. Peerlings et al. (1996) proposed the implicit 
gradient enhancement by satisfying an additional Helmholtz equation in a weak 
sense. This framework is numerically attractive since the governing equations can 
be discretized easily and requires only C0 continuity. Moreover, the implicit 
gradient enhancement is strongly nonlocal and can be shown to be equivalent to 
the integral formulation by assuming a particular Green’s function and boundary 
conditions (Peerlings et al., 2001). Gradient enhanced damage models (e.g. Geers 
et al., 2000; Peerlings et al., 1998) and plasticity-damage model (e.g. Addessi et al., 
2002; de Borst et al., 1999) have demonstrated the ability to serve as localization 
limiters during softening.  
Di Luzio and Bazant (2005) studied the localization behavior of several softening 
material models and reported that the standard nonlocal enhancement (either by the 
integral or the gradient formulation) may not fully regularize the problem for 
certain material models. Vermeer and Brinkgreve (1994) had earlier proposed that 
the effective parameter be the weighted sum of the local and nonlocal values. For 
the integral approach, the problem is correctly regularized when the weight for the 
nonlocal parameter is set greater than unity, thus the term “over-nonlocal”. This 
concept was adopted in the microplane model for concrete and full regularization 
was achieved where the standard integral formulation fails to do so (Di Luzio, 
2007).  
The versatility of the plasticity-damage model for concrete by Grassl and Jirásek 
(2006a) was shown over a wide spectrum of loading conditions in the original 
paper. Although the authors have noted that full regularization of this model is 
achieved only with the over-nonlocal formulation for the integral approach, it was 
not implemented in their subsequent refinement (Grassl and Jirásek, 2006b). We 
adopt the abovementioned plasticity-damage model in this chapter and demonstrate 
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full regularization during softening with an over-nonlocal enhancement via the 
gradient approach.  
3.2 Theoretical framework for concrete model 
The adopted concrete model is summarized in this section for completeness. 
Detailed explanations have been presented by Grassl and Jirasek (2006a).   
The yield function pf  is defined in the principal effective stress space (Haigh-
Westergaard coordinates) as 










































where   
3
1I
v =σ ,  δσ :1 =I ,  δ is the identity tensor and σ  is the effective stress tensor 
22J=ρ ,  SS :212 =J ,   S  is the deviatoric effective stress tensor 
cf  is the uniaxial compressive strength 
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θθ  (3.2) 
The function r controls the deviatoric section of the yield function, changing from 
triangular to circular shape when pressure increases. The eccentricity parameter e 
and friction parameter 0m are material parameters calibrated on experimental data.  
For realistic modeling of the volumetric expansion under compression in the 
plastic regime, a non-associative flow rule is assumed. The plastic potential pg  is 
defined as 
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ffBAm 3exp σσ  (3.3) 
where the function gm  determines the volumetric and deviatoric parts of the flow 
direction, tf  is the uniaxial tensile strength, gA  and gB  are material parameters.  
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=  (3.4) 
Plastic hardening is accounted for via the function hq  




















The evolution law for the hardening variable pκ is defined as 







=  (3.6) 
where ( )vhx σ  is a scaling function dependent on the volumetric effective stress 
such that the model response is more ductile under compression, its definition 
given as 
































In Eq (3.7), hA , hB , hC  and hD  are calibrated on experimental data. hE  and hF  






















The isotropic damage component is linked to the evolution of plastic strain, and the 























where δε :ppV && =ε . 
sx  is a softening ductility measure defined as 





























σ  (3.10) 
where 
sA  is a model parameter.  
The dimensionless variable sR  is the ratio between the negative volumetric plastic 


















where >⋅<  denotes the McAuley brackets.  
The damage parameter ω  is obtained from the internal damage parameter dκ  as 
( )fd εκω /exp1 −−=  (3.12) 
where fε  is a parameter which controls the slope of the softening curve.  
Finally, the nominal stress is obtained as 





Fig 3.1: Biaxial compression as reported by Kupfer et al. (1969). The material 
parameters are GPa32=E , 18.0=ν , MPa8.32=cf , MPa3.3=tf  and 
610165 −×=fε . 
 
Fig 3.2: Cyclical uniaxial tensile loading as reported by Gopalaratnam and 
Shan (1985). The material parameters are GPa28=E , 2.0=ν , MPa40=cf , 
MPa5.3=tf  and 610130 −×=fε . 
The concrete model is implemented in the finite element package ABAQUS via 
the UMAT subroutine. There are many material parameters for the constitutive 
model. Calibration efforts can be minimized by assuming some of the parameters 
in the absence of experimental data (see Grassl and Jirásek, 2006a). Our model 
assumes the following parameters: 15=sA , 85.0=fD , 02.0=hA , 00075.0=hB , 
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2=hC  and 
7105.2 −×=hD . These values are calibrated with existing experimental 
data, and are used for all simulations reported in this chapter2. The numerical 
implementations in this chapter are in 3D. We reproduce two numerical results 
(Fig 3.1 and Fig 3.2) to illustrate the versatility of the model.  
3.3 Mesh sensitivity 
The plasticity-damage concrete model exhibits strong mesh sensitivity during 
softening. For consistent load-displacement curves, the softening parameter fε has 
to be recalibrated for each mesh refinement. This is clearly not practical when 
predictions of material responses in the absence of experimental data are required. 
Moreover, local models also exhibit a strong dependency on the mesh orientation. 
These problems will be illustrated in this section.  
Material parameters GPa25=E , 2.0=ν , MPa44=cf ,  MPa5.2=tf  and 
3103.4 −×=fε  are calibrated for a particular mesh (206 elements) according to the 
Double Edge Notched (DEN) uniaxial test by Van Mier and Nooru-Mohamed 
(1990), as depicted in Fig 3.3. Only one quarter of the specimen has to be modeled 
due to the vertical and out-of-plane symmetry.  
 
Fig 3.3: DEN specimen geometry (m) in uniaxial tension. 
                                                
 
2
 Note that hA , hB  and hD  are different from the original paper. The values adopted here are 
consistent with the subsequent erratum in Grassl, P., Jirasek, M., 2011. Int. J. Solids Struct. 48, 
1084 – 1084. 
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When the same material parameters are used for different element meshes, 
numerical results are not meaningful as shown in Fig 3.4. The contour diagrams in 
Fig 3.5 depicting the damaged regions further demonstrate the pathological mesh 
dependency of the concrete model, i.e., the damage region localizes to the smallest 
element size as well as propagates according to the mesh direction. The 
deformation contours are also similar to the damage profiles. Due to strong 
localization induced by the notch, the numerical results are not able to even predict 
a consistent peak force. The strong mesh dependency thus limits the usefulness of 
such local softening models.  
 
Fig 3.4: Load displacement graphs for different mesh sizes. 
 
Fig 3.5: Damage profiles for different mesh size and direction.  
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3.4 Regularization by nonlocal damage  
Softening behavior of the adopted concrete model is governed by the internal 
damage parameter dκ . An intuitive approach is to regularize the problem by 
introducing nonlocality via this internal parameter. In the integral formulation, the 








x  (3.14) 
where x, y are the coordinates vectors, )( xy,α is the weight function and 
( ) ( ) dvV
v
∫= xy,x α  is the normalizing factor.  
There is a subclass of nonlocal formulations where the effective parameter is the 
weighted sum of the nonlocal and local values respectively, first proposed by 
Vermeer and Brinkgreve (1994) and later implemented by Stromberg and 
Ristinmaa (1996). This novel approach sets the weight for the nonlocal parameter, 
m, as greater than unity, compensating for the excess by assigning a negative 
weight to the local component 
)()1()()(ˆ xxx ddd mm κκκ −+=  (3.15) 
For certain material models, full regularization during softening can be achieved 
only if parameter m is greater than unity, hence the term “over-nonlocal” (Di Luzio 
and Bazant, 2005; Jirásek and Grassl, 2004). This was numerically demonstrated 
by the over-nonlocal microplane model via the integral approach (Di Luzio, 2007). 
The applicability of the over-nonlocal enhancement with the gradient formulation 
was illustrated in Chapter 2 with the linear softening von Mises model. This 
chapter further studies the capability of the gradient framework with the adopted 
concrete model.  
For the gradient approach, instead of Eq (3.14), the nonlocal internal damage 
parameter dκ  is given by 
)()()( 2 xxx ddd c κκκ =∇−  (3.16) 
where c is the length scale parameter with unit length square. This nonlocal 
parameter dκ  then enters over-nonlocal expression in Eq (3.15). 
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We can better understand the regularizing effects by carrying out a 1D spectral 
analysis of the constitutive model. The nominal stress rate σ&  for the gradient 
enhanced model is given by 
( ) σωσωσ &&& −−= 1    ,   ( )fd εκω /ˆexp1 −−=  (3.17) 
where σ&  is the effective stress rate. Nonlocality is introduced into the damage 
function ω  via the effective internal parameter dκˆ .  
For the adopted concrete model, softening is activated only when maximum 
hardening is attained ( 1=hq ). The yield function in Eq (3.1) which is 























From Eqs (3.18) and (3.19), we note that the effective stress σ  is constant during 
uniaxial softening. We substitute Eqs (3.17a) and (3.19) into the equilibrium 






where ( ) x, implies differentiation of ( )  with respect to x. 

























We then obtain Eq (3.20) as 
( ) 01ˆ
,,,
=−+= xxxdxdxd mc κκκ &&
&
 (3.22) 
A solution to Eq (3.22) is the harmonic solution iKxd Ae=κ&  where A is the 
amplitude and K is the wave number. This is substituted into Eq (3.22) to obtain 
( )[ ] 011 2 =−+ KmcK  (3.23) 
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For both the classical model ( )0=c  and the standard gradient enhancement 
( )1=m , the solution is not meaningful. A non-trivial solution ( )11 −= mcK cr  is 
obtained only when 1>m . For an arbitrary dκ  wave, larger wavelengths are 
dissipated by material damping and a stationary wavelength ( )12 −= mccr piα  is 
obtained. We note that the elastic yield surface for uniaxial compression during 
softening is given by ( ) 12 −= cp ff σ . Using similar arguments from Eqs (3.19) 
to (3.23), we arrive at similar conclusion that 1>m . This suggests that for the 
gradient enhancement, the over-nonlocal formulation is required to fully regularize 
the 1D problem. 
It is interesting to note that in the spectral analysis where 1>m , Eq (3.22) is of the 
explicit gradient expression which has been applied by other researchers to 
regularize softening behavior (e.g. Abu Al-Rub and Voyiadjis, 2009). Using the 
linear softening von Mises model in Chapter 2, it was shown that different 
combinations of parameters m and c leading to the same crα  value do not result in 
similar load displacement curves, despite having similar shear bandwidths. This 
can be considered as a drawback of the over-nonlocal model since it introduces an 
additional parameter m for calibration. Nevertheless, it was also reported that an m 
value of just over unity is able to fully regularize the problem whereas the standard 
formulation ( )1=m  fails to do so. In the absence of experimental observations (e.g. 
width of micro-cracked region), it is suggested to adopt the value of m just slightly 
over unity to induce full regularization without affecting the load-displacement 
response. The length scale parameter c can then be calibrated from the load-
displacement curves. Moreover, to correctly reproduce the strain fields in the over-
nonlocal microplane model, Di Luzio (2007) has also recommended that 
1.11 ≤< m . We thus adopt a value of m which is just slightly greater than unity for 
the over-nonlocal gradient enhancement and the regularizing effects demonstrated 
in later sections.  
3.5 Numerical framework  
The over-nonlocal gradient enhanced concrete model is implemented in ABAQUS 
via the UEL subroutine. A brief discussion of the stiffness matrix is presented here. 
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Ignoring body forces, the set of governing equations for the finite element 
formulation comprises of the equilibrium equation and the implicit gradient 
Helmholtz equation respectively 





Both governing equations are satisfied in a weak sense with suitable weight 
functions 1w  and 2w  to obtain 
( ) ( )














where superscript T implies transpose, nσt ⋅=  is the traction on the domain 
boundary (with unit normal vector n). The natural non-standard boundary 
condition 0=⋅∇ ndκ  is typically adopted in literature (e.g. Peerlings et al., 1998; 
Peerlings et al., 2001) and will be assumed here. If a thermodynamic force 
conjugate to the gradient term is defined, this boundary condition can be 
interpreted as a zero energy flux due to damage mechanisms across the boundary 
of the damaged zone (Forest, 2009).   
The equations in (3.25) are then expressed in the incremental form to set up the 
framework for finite element implementation 
( ) ( ) ( )

























The nodal degrees of freedom are discretized as 
aNTu =    ,   d
T
d κN=κ        (3.27) 
so that  
Baε =    ,   d
T
d κN∇=∇κ  (3.28) 
where N, B and a are the interpolation function matrix, the strain-displacement 
matrix and the nodal parameter vector respectively. Superscript T implies 
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transposition. The weight functions 1w and 2w  are assigned to u and κ  
respectively. We express σd  and ddκ  in Eq (3.26) in terms of the nodal degrees of 
































where for a 20-node solid element, the sub-matrices are defined as: 
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11a  the Voigt matrix for tensor ( ) ( ) a
ff
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21a  the Voigt vector for tensor aN  
The variable fε  is defined in Eq (3.12) while the tensors alepD  and aN  are 
presented in Eqs (3.35) and (3.37) respectively in the Appendix. It is noted that the 
standard implicit gradient enhancement is recovered when parameter 1=m .  
3.6 Numerical results  
3.6.1 DEN specimen in uniaxial tension test 
The numerical simulation for the DEN experiment in Section 3.3 is redone using 
the over-nonlocal gradient framework. The material parameters adopted 
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are GPa25=E , 2.0=ν , MPa44=cf , MPa5.2=tf , 4105.9 −×=fε  , 005.1=m  
and 24 m104.1 −×=c . The load-displacement graphs and the damage profiles are 
depicted in Fig 3.6 and Fig 3.7 respectively. By adopting the over-nonlocal 
enhancement, the numerical results are now objective, i.e. the global responses 
converge upon mesh refinement and the damage profiles are consistent for 
different element sizes and orientations.  
 
Fig 3.6: Load displacement graphs for different element sizes. 
 
Fig 3.7: Damage profiles for different mesh sizes and orientations. 
We then compare the numerical responses between the over-nonlocal )005.1( =m  
and the standard nonlocal )1( =m  enhancements. The load-displacement graphs 
for the mesh with inclined orientation are depicted in Fig 3.8. It is noted that the 
load displacement curves for the two m values are almost identical. The standard 
implicit gradient enhancement is also able to produce converged global results 
upon mesh refinement. However, from the 1D spectral analysis, we expect the 
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problem to be fully regularized only when 1>m . This can be seen from the 
contour plots in Fig 3.9. The maximum principal strain is an indicator of the crack 
path. For the standard implicit gradient model )1( =m , deformation tends to 
localize into the smallest element. With the over-nonlocal enhancement 
)005.1( =m , the crack propagates across the specimen width at failure, which is 
physically more acceptable.  
This example shows that for certain models, although the global response 
converges upon mesh refinements with standard nonlocal enhancements )1( =m , 
localization still occurs with discontinuous strain rates and the problem is only 
partially regularized (Jirásek and Grassl, 2004). The gradient approach of the over-
nonlocal enhancement is able to fully regularize the localization problem. It is also 
noted that a slight increment from unity in the value of m parameter is able to 
induce full regularization during softening.  
 





Fig 3.9: Maximum principal strain for (a) 1=m  and (b) 005.1=m  
respectively. 
3.6.2 Four point bending of SEN beam 
The next example is the more complicated four point bending experiment of a 
Single Edge Notched (SEN) beam conducted by Schlangen (1993), as depicted in 
Fig 3.10. The anti-symmetric loading leads to a mixed mode I and II stress field at 
crack initiation which gradually degenerates to mode I failure. This results in a 
crack path initiating from the notch tip. Jirásek and Grassl have modeled a similar 
problem with different damage models and the simulated failure patterns are 
observed to be mesh sensitive.  
 
Fig 3.10: SEN specimen geometry (mm) in four point bending. 
The experiment is simulated with the over-nonlocal plasticity-damage model 
discussed in this chapter. The material parameters adopted are GPa30=E , 
2.0=ν , MPa46=cf , MPa3=tf , 4109 −×=fε  and 24 m104.1 −×=c . As in the 
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previous section, the parameter m is assumed to be 1.005. The steel loading platens 
are set stiffer than the concrete beam, reflecting the effect of their modulus ratio, 
and a point load is applied at the centre of the platens. For such a complicated 
loading, it is not sufficient to consider only one load-displacement diagram. Thus, 
the load is plotted against the crack mouth opening displacement (CMOD) and 
sliding displacement (CMSD) in Fig 3.11 and Fig 3.12 respectively. Mesh 
refinements are adopted near the notch where the crack is propagating. It is shown 
that the over-nonlocal model is able to produce satisfactory results, although the 
numerical responses are too brittle in the later stages of the softening regime. This 
may be improved by adopting a more complicated anisotropic damage evolution. 
The damage profile is illustrated in Fig 3.13, capturing the crack pattern observed 
experimentally (Fig 3.14). As the parameter m is set to 1.005, the damaged band 
can be calibrated by the length scale parameter c if necessary. As depicted, the 
damaged zone is able to traverse across elements of different sizes, demonstrating 
the mesh objectivity of the over-nonlocal gradient enhanced model for the more 
complicated loading conditions.   
 
Fig 3.11: Load – CMOD graph. 
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Fig 3.12: Load – CMSD graph. 
 
Fig 3.13: Damage profile. 
 
Fig 3.14: Experimental crack patterns (Schlangen, 1993). 
3.7 Conclusion 
The adopted plasticity-damage model has been reported to give good numerical 
results over a large range of load conditions. However, the local constitutive model 
suffers from strong mesh dependencies during softening. The standard nonlocal 
enhancements, either by an integral or a gradient approach, have been reported to 
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regularize many softening models. However, for certain material models, they fail 
as full localization limiter. One remedy is to adopt the over-nonlocal enhancement, 
which has been reported to be a viable alternative for several models. Just a slight 
increment from unity for the parameter m is able to induce full regularization 
during softening. Several examples in literature adopt the integral approach in the 
over-nonlocal formulation. This chapter illustrates the regularizing capabilities of 
the over-nonlocal formulation via the gradient approach with a sophisticated 
plasticity-damage model for concrete. It is noted that the global force-displacement 
numerical results are almost identical between the standard gradient enhancement 
and the over-nonlocal formulation when m is close to unity. However, in situations 
where very fine meshes are required (for example, a small notch size) or when the 
orientations of the elements are irregular due to geometry constraints, the over-
nonlocal method is advantageous since it is truly mesh independent, as compared 
to the standard gradient enhancement whereby deformation is still mesh sensitive 
for certain models.  
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 is the plastic flow direction. 





































DD pea λ and λκ && pp k=  as defined in Eq (3.6).  
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λ  (3.34) 
From Eq (3.34), the effective stress increment (3.32) can now be expressed in 
terms of εd  





























































































Finally, substitute Eqs (3.34) and (3.35) into (3.36b) to obtain ddκ  in terms of εd  

































































































The nominal stress increment σd  in Eq (3.30) can now be expressed in terms of 
εd  and ddκ  
( ) ( ) ( )[ ]








































































































 4 An implicit tensorial gradient plasticity model – 
formulation and comparison with a scalar 
gradient model1 
Abstract: Many rate-independent models for metals utilize the gradient of 
effective plastic strain to capture size-dependent behavior. This enhancement, 
sometimes termed as “explicit” gradient formulation, requires higher-order 
tractions to be imposed on the evolving elasto-plastic boundary and the resulting 
numerical framework is complicated. An “implicit” scalar gradient model was thus 
developed in Peerlings [Peerlings, R. H. J., 2007. On the role of moving elastic-
plastic boundaries in strain gradient plasticity. Model. Simul. Mater. Sci. Eng. 15, 
109-120] that has only C0 continuity requirements and its implementation is 
straightforward. However, both explicit and implicit scalar gradient models can be 
problematic when the effective plastic strains do not have smooth profiles. To 
address this limitation, an implicit tensorial gradient model is proposed in this 
chapter based on the generalized micromorphic framework. It is also demonstrated 
that the scalar and tensorial implicit gradient models give similar results when the 
effective plastic strains fluctuate smoothly. 
4.1 Introduction 
Classical constitutive models for metals are not capable of predicting a size-
dependent behavior as observed experimentally at the micron level (Fleck and 
Hutchinson, 1997; Stölken and Evans, 1998). To capture the size effect phenomena, 
several higher order continuum theories have been proposed. These models 
typically incorporate length-scale parameters which are associated with the 
gradients of plastic strain.   
                                                
 
1
 Based on: Poh, L. H., Peerlings, R. H. J., Geers, M. G. D., Swaddiwudhipong, S., 2011. Int. J. 
Solids Struct 48, 2595-2604. 
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One class of such theories introduces a length scale parameter in the incremental 
tangent modulus to reflect the additional hardening at small geometrical 
dimensions (Bassani, 2001). This approach preserves the structure of conventional 
plastic theories and does not involve higher order boundary conditions. Niordson 
and Hutchinson (2003b) have adopted such enhancements for a simple shear 
problem and they question the subsequent localization behavior observed in this 
example. Moreover, Volokh and Hutchinson (2002) reported that the absence of 
higher-order boundary conditions results in non-unique solutions. However, based 
on uniqueness arguments, Acharya et al. (2004) showed that additional boundary 
conditions can be admitted in these so-called lower order gradient theories and 
which the localization behavior is avoided with proper numerical treatments.  
 Another broad class of gradient plasticity theories is inspired by the work of 
Aifantis (1984) where the second gradient of the plastic strain is incorporated in 
the yield function and which can be interpreted as a special case of the formulation 
by Fleck and Hutchinson (2001). We term these models that require the derivatives 
of the plastic strain as “explicit” gradient enhancements. The thermodynamics-
based formulation for this class of models showed that the gradient terms 
characterize the stored energy due to the presence of defects such as dislocations 
and entanglements (Gurtin and Anand, 2009). Since the yield criterion is satisfied 
only in the plastic domain, the higher-order boundary condition associated with it 
has to be imposed at the evolving elasto-plastic boundary (Peerlings, 2007). For a 
similar explicit gradient enhanced softening model, de Borst and Pamin (1996) 
achieved this requirement numerically by imposing either C1 continuity or having 
the first gradient of the scalar plastic strain as degrees of freedom. Alternatively, 
these gradient enrichments can also be applied to viscoplastic constitutive relations 
so that distinct elasto-plastic boundaries are avoided (e.g. Gudmundson, 2004). 
Rate-independent behavior can be approximated by having small values for the 
rate-sensitivity exponents, although numerical issues may arise as these parameters 
tend to zero.   
In view of the numerical difficulties inherent in the explicit gradient models, an 
alternative class of so-called “implicit” gradient formulations with only C0 
continuity requirements was developed. These gradient enhancements are 
generally utilized to avoid mesh dependency issues during softening (e.g. Engelen 
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et al., 2003; Peerlings et al., 1996) and have also been extended for large 
deformation problems (e.g. Geers, 2004). Typically, the implicit gradient models 
formulated with a view to regularize softening behavior may not be able to capture 
the size effect phenomena during hardening (Engelen et al., 2006). However, an 
implicit gradient plasticity model which is able of predicting similar size effects as 
the explicit gradient models was proposed by Peerlings (2007). 
Many of the higher-order plasticity models utilize the gradients of effective (scalar) 
plastic strain. This approach is numerically attractive since they require only one 
additional degree of freedom (effective plastic strain). Such formulations work 
well when the effective plastic strain fluctuates slowly both in time and space. For 
a generic problem where the effective plastic strain does not have a smooth profile, 
solutions obtained for both explicit and implicit scalar formulations are 
questionable. This inadequacy, which is illustrated in the later sections, arises 
because scalar gradient models do not take into consideration the direction of the 
plastic strains.  
In this contribution, a small deformation plasticity theory incorporating an implicit 
gradient formulation, based on the full plastic strain tensor, is proposed to address 
the limitations of scalar gradient models. The generalized micromorphic approach 
proposed by Forest (2009) is adopted to ensure that the model is 
thermodynamically consistent.  Similar to the scalar implicit gradient model, its 
numerical implementation is straight-forward with only C0 continuity requirements. 
It is then demonstrated that the proposed model is able to predict size effects when 
geometrical dimensions are comparable to the length scale parameter. In special 
cases where the scalar plastic strain profile is smooth, numerical results obtained 
are similar to those from the scalar gradient model by Peerlings (2007). 
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4.2 Thermodynamics Framework 
4.2.1 Tensorial gradient formulation 
We adopt a special case of the generalized micromorphic framework by Forest and 
co-worker (Forest, 2009; Forest and Sievert, 2003) with the internal power2 
( )dVP pp∫ ∇++= ετεQεσ &M&& ~~::int  (4.1) 
where ε& , pε&~ and pε&~∇ represent the strain rate, microscopic plastic strain rate and 
its gradient respectively, with σ , Q and τ  as the corresponding conjugate stresses. 
The first term in Eq (4.1) is the standard macroscopic stress power while the last 
two terms are the additional contributions from the micromorphic continuum.   
The external power (ignoring body forces) is defined by the surface tractions ( )Tt,  
and their conjugates as 
( )dSP p∫ +⋅= εTut && ~:ext  (4.2) 






















where n is the unit normal to the domain surface. Eqs (4.3a) and (4.3c) are the 
classical equilibrium equation and traction relation. The microforce balance (4.3b) 
couples the micro and macro continua and the higher-order traction T is defined in 
Eq (4.3d).  
The free energy density ( )ppppe ,~,~,, εεεε ∇ψ  is assumed as  















+= + Mψ  (4.4) 
                                                
 
2
 The following conventions are used: jijna=⋅na , ijijaa=aa : , klijklaC=aC : , ijkijkbb=bbM , 
kija ,=∇a , jija ,=⋅∇ a  and kijkb ,=⋅∇ b  (summation over repeated indices). 
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where eε is the elastic strain, C  is the 4th-order elasticity tensor, n  is the power law 
exponent, p  is the effective (scalar) plastic strain, h  and h~  are the material 
hardening moduli and l  is a length scale parameter for dimensional consistency. In 
general, the hardening moduli associated with ( )pp εε −~  and pε~∇ can be a 4th-order 
and 6th-order tensor respectively. For simplicity, we assume that they are scalar 
quantities and are both equal to h~ ; note that the latter assumption can be made 
without any loss of generality because any difference can be incorporated in l. The 
third term in Eq (4.4) represents the additional energy due to the relative plastic 
deformation between the macro and micro-scales, while the last term is an 
indicator of the incompatible plastic deformation at the micro-scale. In small 
deformation theory, the relative plastic rotation between the two scales is assumed 
to be negligible. 
Assuming isothermal conditions, the second law of thermodynamics requires that 
the rate of change of free energy is less than or equal to the power generated. For a 



































































where ( )′  implies the deviatoric part of ( ) .  



























where the stress quantities Q  and τ  are assumed to be purely energetic. We 
furthermore define the following thermodynamic forces  
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The microforce balance (4.3b) then becomes 
ppp l εεετQ ~~ 22∇=−⇒⋅∇=  (4.8) 
which is the tensorial form of the Helmholtz equation used in Peerlings (2007). It 
is observed that this governing equation couples the relative plastic strains between 
the two scales with the incompatible plastic deformation at the micro-scale 
(indicated by pε~2∇ ). 
Since the plastic strain pε is deviatoric and the Laplacian is a linear operator, the 
microscopic plastic strain pε~ is deviatoric as well. This also implies that both Q  
and χ  are deviatoric stresses. 
The yield function is defined in terms of the thermodynamic forces σ′ , χ  and R as  
n
ee hpRF −−=−−= 00 σσσσ  (4.9) 
where )(:)(23 χσχσ −′−′=eσ  and 0σ  is the initial yield stress.  
The plastic flow rule and evolution law for p can be obtained from the maximum 
dissipation postulate, subjected to the constraint 0≤F  with λ&  as the Lagrange 
multiplier. We define a potential functionφ  
FλpRpp &&&& −−−′= εχεσ ::φ   
such that 0=∂φ  results in the following expressions 


















−= λλ  
(4.10) 
with the standard Kuhn-Tucker conditions 0≥λ& , 0≤F  and 0=Fλ& . 
The second law of thermodynamics is thus satisfied by 
( ) 0: 0 ≥=−−′= ppRD p &&& σεχσ  (4.11) 
 57 
Unlike the model developed by Forest (2009), the model proposed here describes 
the stored energy due to plastic hardening in Eq (4.4) by the internal variable p, 
instead of the invariant pp εε : . When 0→l , it reduces to the classical isotropic 
hardening model whereas the classical kinematic hardening model is recovered in 
Forest (2009).  
4.2.2 Scalar gradient formulation 
The scalar implicit gradient model by Peerlings (2007) is retrieved by using the 
scalar variable p~  and its spatial gradient p~∇  to replace their tensorial counterparts 
in Eqs (4.1) to (4.7). The thermodynamics arguments run parallel to the proposed 
tensorial gradient model and are not repeated here. The free energy density for the 
scalar gradient model is  






























+= +εCεψ  (4.12) 
The factor 23  is introduced so that in special load cases where mε pp = , 
mε pp ~~ =  and mε ⊗∇=∇ pp ~~  ( m  is a constant directional tensor), the free energy 
density ψ  in Eq (4.4) is identical to that in Eq (4.12), since 23=m:m  as 
observed from Eq (4.10b). 
The constitutive relations for the scalar implicit gradient model are summarized 
below 
( )pphhpF ne ~~2
3




ppp εε &&& :32=  
plpp ~~ 22∇=−  
(4.13) 
 where F  is the yield function of the scalar gradient model. The microforce 
balance in Eq (4.13d) is a scalar version of Eq (4.8). It is easily observed that 
constitutive relations are different between the tensorial and scalar gradient models 
– whereas the hardening induced by the micromorphic continuum manifests itself 
as a backstress χ  in the tensorial gradient model, it results in an additional term in 
the yield function F  of the scalar gradient model.  
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The dissipation inequality for the scalar gradient model can be shown to be 
00 ≥= pD &σ , which is identical to Eq (4.11). Thus in the special case where the 
plastic strain directional tensor m is constant, the work done in both scalar and 
tensorial gradient models are identical. This serves as a basis of comparison 
between the two models in later sections. 
4.3 Analytical solutions for bending of thin foils 
Scalar gradient models are problematic in certain load cases. This is illustrated here 
with the plane strain bending example shown schematically in Fig 4.1. The foil is 
assumed to be rigid plastic. For pure bending, the principal directions of the plastic 
strain are constant with load. 
 
Fig 4.1: Schematic of foil under bending. 
4.3.1 Scalar implicit gradient model 
Peerlings (2007) has compared the semi-analytical solutions of scalar explicit and 
implicit gradient models for a foil in bending. It was shown that for the explicit 
gradient formulation to be well-posed, the natural boundary condition ( )0=∇⋅ pn  
has to be imposed on the evolving elasto-plastic boundary, the position of which is 
a result of the analysis and is therefore not known a priori. On the contrary, 
boundary conditions for the scalar implicit gradient model summarized in (4.13) 
are required on external domain surfaces which are known in advance. 







2 λλκ&  (4.14) 
where )(tκ&  is the rate of change of curvature and t  denotes the time.  
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We can limit our analysis to the upper half of the foil ( )Hy ≤≤0  since p is 














where the second condition is due to symmetry. 





= ∫ λλκκ dt
t
0
)()( & , we obtain from Eqs (4.13d) to 
(4.15) 





























The evolution of the equivalent stress is given by 
( )pphhpne ~~2
3
0 −++= σσ  (4.17) 
with the yield stress Yσ  given by the right hand side of  Eq (4.17).  
Profiles of p  and p~  are depicted in Fig 4.2 and the corresponding evolution of the 
yield stress Yσ  in Fig 4.3. Due to the negative contribution by the term ( )pp ~−  
near the neutral axis, a non-physical result ( )0<Yσ  may be obtained beyond a 
certain stage of deformation. Granted, the non-physical result can be avoided by 
constraining Yσ  to zero when it becomes negative. However, this implies that an 
internal layer, starting at the neutral axis and which grows with deformation, 
experiences strain softening until its yield strength totally vanishes. It is strange 
that a hardening model formulated to capture only work hardening effects should 
experience any strain softening at all, more so in a region where the plastic strain 
fluctuates smoothly, i.e., nothing special is happening near the neutral axis 
compared to other parts of the foil to warrant such deviant behavior. We also note 
that scalar gradient models disregard the direction of plastic strain. In this case, the 
kink of the effective plastic strain is induced by virtue of its definition of being 
non-negative and not because of the underlying crystallographic slip. As 
demonstrated in the next section, by taking into consideration the direction of 
plastic strain, the tensorial gradient model does not suffer from this anomaly. For a 
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generic load, we thus believe that a kinked profile of p (e.g., in Fig 4.2) is an 
indication of possible spurious solution induced by the last term in Eq (4.17).  
4.3.2 Tensorial implicit gradient model 
From a physical point of view, it is questionable to ignore the direction of 
dislocation motion in the region where the opposite signs meet. This provides the 
motivation for adopting a tensorial implicit gradient model as described in Section 
4.2. 
The higher-order traction ( )T  in Eq (4.3d) indicates the resistance to plastic 
deformation at the micro-scale. Since the microforce balance (4.3b) is satisfied 
over the entire domain, the higher-order boundary conditions are imposed at the 
domain surfaces. For a micro-free boundary ( )0T =
±= Hy
, the solution to the 
Helmholtz equation in Eq (4.8) is 








−=−=  (4.18) 
Evolutions of the axial plastic strains are depicted in Fig 4.4. Additional hardening 
due to the microscopic plastic strains is introduced via the backstress χ . The 






e hpσσ χσχσ  (4.19) 
where it is readily observed that 0≥eσ  for all load cases, thus avoiding the non-
physical results characterizing the scalar implicit model.  
Consider next only the upper half of the foil ( )Hy ≤≤0 . Substitute Eq (4.18) and 
the relaions pyy
p
xx y εκε &&& −== , yp κ&& 3
2
=  into (4.10a), the deviatoric stress 
component is derived as   








sgn &  (4.20) 
where sgn( ) is the signum function. 
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Fig 4.2: Evolution of accumulated plastic strains (scalar gradient model). 
 
Fig 4.3: Evolution of yield stress (scalar gradient model). 
 
Fig 4.4: Evolution of axial plastic strains (tensorial gradient model). 
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For a thin foil, yyyy tr σσ ′−=⇒= 3)(0 σ . The axial stress is thus 
xxxxxx tr σσσ ′=+′= 23)(σ . The bending moment of the entire foil can then be 
computed as 
( )
( ) ( ) ( )[ ]



















































where w is the out-of-plane thickness of the foil. The first term in Eq (4.21) is the 
classical solution obtained for the standard isotropic hardening model, while the 
second term represents an additional bending moment due to the relative plastic 
deformation distinguishing the two scales. This non-standard contribution is 
significant when the geometrical dimension ( )H  is of similar magnitude as the 
length scale parameter ( )l . Conversely, this term is negligible compared with the 
classical solution when lH >> . The model thus captures the “smaller is stronger” 
phenomenon.  
This simple example shows that unlike the scalar gradient model, the proposed 
tensorial gradient formulation is able to avoid spurious results due to the change in 
sign of the principal plastic strains. Numerical results are presented and discussed 
in Section 4.5.   
4.3.3 Scalar implicit gradient model revisited 
We observe in Fig 4.4 that the microscopic axial plastic strain ( )pxxε~  vanishes at the 
neutral axis. For the scalar implicit gradient model, it thus seems reasonable to 
assume that the scalar variable p~  is impeded at the neutral axis. Contrary to Eq 







 ,  0~ 0 ==yp  (4.22) 
The solution to the Helmholtz equation (4.13d) is now given by  
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For this example, it is readily seen from Eqs (4.18) and (4.23) that in forward 





= ∫ λλκκ dt
t
0








~ εεε  (4.24) 
 
Fig 4.5: Evolution of equivalent stress (scalar gradient model with 0~ 0 ==yp ). 
The corresponding evolution of the equivalent stress eσ  is shown in Fig 4.5. 
Compared to the solution in Section 4.3.1, the non-physical response ( )0≤eσ  is 
now avoided. Following similar arguments in Eqs (4.20) and (4.21), the bending 
moment can be shown to be 
( ) ( )























































In forward bending, Eqs (4.21) and (4.25) are identical. The bending moments 
differ in reversed bending due to the kinematic-type hardening induced by the 
backstress χ  in the tensorial gradient model.  
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 It is emphasized that despite having similar results, the scalar and tensorial 
implicit gradient models are very different. As noted in Section 4.3.1, the scalar 
gradient model may give rise to a spurious solution when a kink in the effective 
plastic strain (p) profile occurs. In this example, the principal plastic strains change 
their signs at the neutral axis concurrently and we are able to determine the 
problematic region a priori. In addition, we have 0=p  at the kink, and the 
prescribed condition 0~ =p  thus seems reasonable. For a generic problem, such 
conditions may not be present, i.e., it can be difficult to locate the kink and the 
effective plastic strain p may have a non-zero value at the region of interest. In 
such situations, it is not possible to avoid the non-physical response of the scalar 
model with “appropriate” boundary conditions. This will be highlighted with an 
example in Section 4.5.1.  
Moreover, the essential boundary condition (4.22b) results in yet another difficulty 





 ∇= plh ~~
2
3 2
τ  is now 
discontinuous at the neutral axis due to the symmetric p~  profile. On the contrary, 
the natural boundary conditions (4.15b) in Section 4.3.1 recover a smooth p~  
profile but result in a non-physical equivalent stress
eσ . The tensorial gradient 
model does not have such problems since pε~ (and hence the higher-order stress τ ) 
have smooth continuous profiles and higher-order boundary conditions are 
required only at the external domain boundaries.  
It is also noted that similar issues are present in scalar explicit gradient models. 
This is easily demonstrated with the same bending example. For a rigid plastic 
material, the (explicit) gradient of p is undefined at the neutral axis because of its 
kinked profile. In the analysis of a scalar explicit gradient model, Idiart et al. (2009) 
considered only the top half of the foil (due to symmetry of p) and imposed the 
natural boundary condition ( )0=∇⋅ pn  at the neutral axis ( )+= 0ati.e. y . A smooth 
p  profile is obtained and the abovementioned problem is thus avoided. However, a 
non-zero value of p now exists at += 0y . Since the plastic strain pε  is anti-
symmetrical about the neutral axis, it implies a jump in the plastic strains at the 
neutral axis. Note that the total axial strain should vanish at the neutral axis in 
order to satisfy the Hadamard conditions. To achieve this, a jump of the plastic 
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strain must be accompanied by a jump of the elastic strain in the opposite direction. 
Considering only the top half of the foil in forward bending, it implies that an 
internal layer originating from the neutral axis is subjected to compressive stresses 
whereas the rest of the upper domain is in tension. This phenomenon seems 
questionable since nothing extraordinary is happening at the neutral axis compared 
to other parts of the region.  
Though not shown here, we can expect the same problem for a cylindrical wire 
subjected to pure torsion such as the experiment in Fleck et al. (1994), since its 
plastic strain is anti-symmetrical about the axis of twist. 
4.4 Numerical implementation 
This section summarizes the numerical implementation of the proposed tensorial 
gradient model. The scalar gradient model in Eq (4.13) has a similar numerical 
framework, which is not repeated here. 
4.4.1 Weak formulation 
The equilibrium condition (4.3a) and microforce balance (4.3b) are both satisfied 
in the weak sense using the weighted residuals approach. The weight functions are 
taken to be variations of the displacement ( )u  and microscopic plastic strain ( )pε~  
respectively. Applying the divergence principle to the weighted residuals, we 
obtain the following set of expressions 
( ) ( ) dSdV ∫∫ ⋅=∇ tuσu δδ :    
( ) ( )dSdVlhh pppppp ∫∫ =∇∇+− T:εεεεε:ε ~~~~)~(~~ 2 δδδ M  (4.26) 
which constitutes the framework for numerical implementation. It is easily 
observed that only C0 continuity is required. 
4.4.2 Time discretisation and radial return method 
The iterative-incremental solution strategy utilizes the radial return method, similar 
to classical plasticity models. At the start of iteration (i), the incremental strain ε∆  
is assumed to be elastic. Together with the converged solutions from the previous 
time increment )1( −t , they provide the trial values for the elastic-predictor step 
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( )
'2'' 1 εσσ ∆+= − Gttr  
( ))()1( ~~ iptptr h εεχ −= −  
)(:)(23 trtrtrtrtre χσχσ −′−′=σ  
(4.27) 
where ( )tr implies the trial values of ( ). Superscript (i) indicates iteration (i) of the 
current time step (t). 
If the trial yield function value ( ) 010 ≤−−=
−ttr
e RF σσ , the increment is indeed 
elastic and the values at iteration (i) are updated with the trial ones. Otherwise, it 
indicates an elasto-plastic increment and a plastic-corrector procedure is invoked. 
At the end of the correction, we have the following expressions 
( ) ptri G εσσ ∆−′= 2'  
( ) ptri h εχχ ∆+= ~  
( )














Substituting Eq (4.28c) into the difference between Eqs (4.28a) and (b), the values 
at (i) can be expressed in terms of the trial tensors      
( ) ( ) ( )




















   
Finally, the radial return mapping is obtained as 
( ) ( ) λσσ ∆+−= hGtreie ~223  (4.29) 
For a non-linear yield function, iterations are carried out to solve for λ∆ such that 
0=F  is satisfied at (i).  






e phhGF λσλσ  (4.30) 
Once λ∆  is obtained, the updated values of the variables are then obtained from 
Eqs (4.28a) – (c).  
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4.4.3 Spatial discretisation and linearization 
To facilitate finite element implementation, the expressions in this section are 
presented in Voigt notation, where a single and double underscore represents a 
vector and matrix respectively. 
The basic variables are discretised as 
uu
aNu =   ,  εεε ~
~ aNp =    (4.31) 
such that 
uu
aB=ε    ,  εεε ~~
~ aBp =∇     (4.32) 
Vectors u  and pε~ are the assembled displacements and microscopic plastic strains 




 and corresponding nodal 
values ( )ε~, aau . The strains ε  and microscopic plastic strain gradients pε~∇ are 





The following linearizations are carried out to elaborate the iterative-incremental 
procedures 
( ) ( ) σσσ dii +=+1     
( ) ( ) pipip dεεε +=
+1
     




    
(4.33) 
Consistent linearizations in terms of εd  and pdε~ for the iterative 
increments ( )pdd εσ ,  are summarized in the Appendix. For convenience, 
superscripts (i) are dropped in subsequent expressions. 
The algorithmic tangent stiffness matrix is obtained by substituting Eqs (4.31) – 
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δδ⊗= or order tens4for matrix Voigt thII   
4
s







-or order tens 4for matrix Voigt dI  (4.35) 
For the expressions in (4.35), ( )T implies the transpose of ( ), K and G are the 
material bulk and shear modulus respectively.  
4.5 Numerical results 
The framework is implemented for 2D problems with plane-strain assumptions. 
Quadratic and linear shape functions are adopted for 
u
N  and 
ε~
N  respectively. 
Numerical results are presented and discussed in this section. 
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4.5.1 Cantilever beam 
It was discussed in Section 4.3.3 that the pure bending example is a special case 
where the essential boundary condition 0~ 0 ==yp  produces reasonable results 
(notwithstanding the discontinuous higher-order stress profile). For a generic 
problem, such an assumption cannot be made readily. This is illustrated with the 
cantilever beam depicted in Fig 4.6.  
 
Fig 4.6: Schematic of cantilever. 
We expect the scalar gradient model to be inadequate because of the presence of 
bending stresses. However, shear stresses induced by the point load complicate the 
choice of a suitable boundary condition. In terms of the effective plastic strain p, it 
is difficult to determine the location of kinks. Moreover, the effective plastic strain 
p may not vanish at the kinks and it seems questionable to impose the kinematic 
conditions 0~ =p at the location of kinks. In such predicaments involving the scalar 
gradient models, an apparent escape route is to solve the problem assuming natural 
boundary conditions 0~ =⋅∇ np  on the external surfaces at the price of yielding 
non-physical solutions. The tensorial gradient model, on the other hand, requires 
the natural boundary conditions 0nε =⋅∇ p~  on the domain boundary and does not 
have this dilemma. 
For illustrative purposes, we solve this example numerically by assuming natural 
boundary conditions for both gradient models and compare the results. The 
normalized force-displacement graphs are depicted in Fig 4.7 with 00 σHwP = . 
When the ratio l/H is small, the weak influence from the microscopic plastic strain 
is not sufficient to induce the non-physical response in the scalar gradient model. 
Both models then predict similar size effects, albeit marginally. As the ratio 
Hl increases, the negative term ( )pp ~−  in the scalar gradient model becomes 
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more dominant, resulting in a negative yield stress Yσ  beyond a certain stage of 
deformation. This is shown in Fig 4.8 at the most critical location (x = 0) where the 
non-physical response first occurs. Fig 4.8a shows the locations of kinks in the 
profile of the effective plastic strain (p), the resultant spurious yield stress Yσ  is 
depicted in Fig 4.8b. 
The tensorial gradient model does not suffer from such issues. For comparison 
purposes, a scalar microscopic plastic strain is defined as  
ppp εε ~:~ˆ 3
2
=  (4.36) 
The evolutions of p and pˆ  at the same cross section )0( =x are shown in Fig 4.9a 
and the equivalent stress eσ does not suffer from non-physical solutions (Fig 4.9b). 
Contours of the scalar plastic strains are shown in Fig 4.10.  
This simple example illustrates that up to a certain deformation threshold, 
numerical solutions obtained from the scalar gradient model are physically 
acceptable. Yet, even in this regime, the negative contribution from the term 
( )pp ~−  suppresses the evolution of the equivalent stress eσ . The resulting size 
effect is thus lower than that obtained from the tensorial model when the 
geometrical dimension is comparable to the length scale parameter.  
Kinks in the effective plastic strain (p) profile in Fig 4.8a suggest a change in sign 
of plastic strains which is not described properly by the scalar gradient model. It is 
also noted that 0≠p  at the kinks in Fig 4.8a. The effective microscopic plastic 
strain accumulation pˆ  predicted by the tensorial gradient model is positive ( )0ˆ >p  
in the entire cantilever as depicted in Fig 4.10b. This also confirms the statement 
that for the scalar gradient model, it is questionable to impose the prescribed 
condition 0~ =p  to avoid spurious solutions even if the location of kinks can be 
determined a priori.  
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Fig 4.7: Force - displacement curves of cantilever problem.  
 
Fig 4.8: (a) Plastic strain accumulation and (b) yield stress profile (Scalar 
gradient model at d/H=0.6). 
 




Fig 4.10: Scalar plastic strain profiles (Tensorial gradient model, d/H = 1). 
4.5.2 Flat punch indentation 
The previous example highlighted the inadequacy of the scalar gradient model due 
to the presence of a kinked effective plastic strain profile. When this profile is 
smooth, the scalar gradient model can be expected to provide reasonable solutions. 
In their analysis of an explicit gradient plasticity model, Niordson and Hutchinson 
(2003a) have reported smooth plastic strain distributions in a thin film undergoing 
flat punch indentation.  
 
Fig 4.11: Schematic of flat punch indentation. 
We investigate a similar example shown schematically in Fig 4.11. The base of the 
film is bonded onto a rigid surface with no constraints on plastic flow. Vertical 
displacements are imposed at the contact surface between the film and the indenter 
to simulate the flat punch indentation. Natural higher-order boundary 
conditions ( )0T =  are imposed for both gradient models. The mesh for the film is 
denser near the indenter. 
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Fig 4.12: Force - displacement graphs for indentation problem. 
 
Fig 4.13: Plastic strain accumulation for (a) scalar and (b) tensorial gradient 
model.  
 
Fig 4.14: Microscopic plastic strain accumulation for (a) scalar and (b) 
tensorial gradient model. 
For this case, the scalar gradient model does not lead to a non-physical response 
and its force-displacement graphs are similar to those obtained from the tensorial 
gradient model, as shown in Fig 4.12. Spurious solutions for the scalar gradient 
model are not present in this example due to the intrinsic smooth profile of the 
effective plastic strain p (Fig 4.13a). In such situations, both gradient models 
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predict similar responses. Fig 4.13 and Fig 4.14 demonstrate the close resemblance 
of the plastic strain accumulations between the two gradient models for 1=Hl .  
4.6 Conclusion 
Most higher-order plasticity models incorporate the gradients of a scalar variable in 
the constitutive formulation. An explicit gradient approach is typically difficult to 
implement numerically since higher-order boundary conditions have to be imposed 
at the elasto-plastic boundary. The implicit gradient framework is advantageous 
because the higher-order tractions are required on external surfaces and its 
numerical implementation is straightforward with C0 elements. However, a scalar 
gradient model is still problematic when the principal plastic strains change sign. 
If sign changes in plastic strain occur, models involving the full gradient of the 
plastic strain tensor are better alternatives. This chapter proposes a 
thermodynamically consistent tensorial implicit gradient model based on the 
generalized micromorphic framework. Since directional effects are taken into 
consideration, the proposed model does not suffer from a non-physical response 
that limits the applicability of scalar gradient models. It is shown in this chapter 
that for certain idealized loading conditions such as pure bending, the non-physical 
response in the scalar gradient model can be circumvented by imposing 
“appropriate” boundary conditions. However, such “smart” boundary conditions 
can only be formulated for particular, simple cases and cannot be considered in 
general. The tensorial gradient model does not raise this concern since higher-order 
tractions are required only on the external surfaces.  
Though not shown in this chapter, it is conceivable that softening models 
incorporating the gradients of scalar variables exhibit similar limitations. The 
improved performance of the tensorial gradient model, however, comes at a higher 
computational cost compared to the scalar gradient model – the degrees of freedom 
are twice that of a scalar gradient model in a 3D problem. For deformations where 
the effective plastic strain has a smooth profile (i.e. no sign switches in plastic 
strain), the scalar gradient model does not suffer from the reported non-physical 




In this section, increments pijij dd εσ ,  are linearized in terms of ijdε  and 
p
ijdε~ . 
Einstein notation is adopted. For convenience, the superscript (i) indicating current 
iteration is dropped. 
The incremental volumetric stress is given by 
kkkk Kdd εσ =  (4.37) 




ijij G εσσ ∆−′=′ 2  (4.38) 









−′=′ 3  (4.39) 
From the yield function in Eq (4.30), we obtain the consistent linearization of λ  as 




dd σλ  (4.40) 
The consistent linearization of the trial deviatoric stress trij'σ  in Eq (4.27a) is given 
by 
( )ijkkijtrij ddGd δεεσ 312' −=  (4.41) 




ij dhd εχ ~
~
−=  (4.42) 
From Eqs (4.27c), (4.41) and (4.42), the consistent linearization of tr
eσ is obtained 
as 

















−′+−′=  (4.43) 
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The consistent linearization of ij'σ  is thus obtained from Eqs (4.39) to (4.43) 
( )
( ) ( ) ( )















































































































where sijklI  is the 4
th
-order symmetrization tensor. 
The consistent linearization of ijσ  is thus obtained from Eqs (4.37) and (4.44) 
ijijkkij ddd 'σδσσ +=  (4.45) 
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( ) ( ) ( ) ( )
















































































































 5 Homogenization towards a grain-size dependent 
plasticity theory for single slip1  
Abstract: A class of size dependent behavior is observed in polycrystalline metals 
where the yield stress follows an inverse power relation with the grain size. This 
phenomenon, commonly known as the Hall-Petch effect, is attributed to the 
resistance of grain boundaries impeding dislocation movements. Classical 
continuum models cannot capture this phenomenon. A remedy is to adopt higher-
order gradient formulations that model the interfacial behavior with non-standard 
boundary terms. In this chapter, a homogenization theory is proposed showing how 
a crystal plasticity model with one slip system translates consistently into the 
macroscopic scale. For simplicity, we consider only uniform macroscopic shear 
and show that two length scale parameters, i.e., the intrinsic length scale and the 
characteristic grain size, manifest themselves in the homogenized solution. This 
allows the homogenized response to incorporate the influence of the grain size. 
Moreover, it is demonstrated that the homogenized model is able to predict the 
additional hardening due to micro fluctuations induced by the interfacial resistance. 
5.1 Introduction 
It is widely reported that at the micron level, metals exhibit a size dependent 
behavior when subjected to heterogeneous (macro) deformation, e.g. in bending 
(e.g. Stölken and Evans, 1998) or in torsion (Fleck et al., 1994). This “smaller is 
stronger” phenomenon is attributed to the presence of geometrically necessary 
dislocations (GNDs), which are required to accommodate the lattice curvature 
induced by the non-uniform deformation. This also applies to macroscopically 
homogeneous (macro) deformation as the case in a uniaxial tensile test, whereby 
the neighboring grains in a polycrystalline metal deform dissimilarly, satisfying the 
                                                
 
1
 In preparation for journal submission. 
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geometrical constraints at their shared boundaries. Grain boundaries may be 
(partially) impenetrable to dislocations, leading to the built up of GNDs, which 
results in a grain size dependent behavior at the macroscopic level. The influence 
of grain interfaces is demonstrated experimentally by Janssen et al. (2006), who 
reported an inverse relation between the flow stress of thin Al sheets and its grain 
size only when the specimen thickness is larger than the grain size. Otherwise, the 
variation of flow stress with specimen thickness is marginal due to the absence of 
grain boundaries that are parallel to the specimen surface (pancake type grains). In 
this chapter, we focus our attention on the phenomenon where the specimen’s yield 
stress follows an inverse power law relation with its grain size, commonly known 
as the Hall-Petch effect.  
Classical models cannot capture this type of size effect induced by the interfacial 
resistance. To address this deficiency, higher order formulations are developed 
which account for the presence of GNDs with the plastic strain gradient. An 
intrinsic length scale parameter associated with the micro-processes is incorporated 
in the constitutive relation for dimensional consistency. Moreover, these 
formulations are able to model the interfacial behavior with the non-standard 
boundary terms. One class of the gradient plasticity models smears out the slip 
systems, i.e. they are continuous formulations that do not solve for the individual 
slip systems. Several papers on such models have illustrated the direct influences 
of interfacial resistance and film thickness on the yield strength of thin films (e.g. 
Fredriksson and Gudmundson, 2007; Voyiadjis and Deliktas, 2009). Additionally, 
the displacement bursts near grain boundaries observed in nano-indentation 
experiments can also be attributed to the yielding of the interfaces (Aifantis et al., 
2006).  
Another class of higher order formulations, the strain gradient crystal plasticity 
models, relates the plastic strain to individual slip systems via a kinematic 
constitutive assumption. The slip-based interfacial behavior can capture a more 
realistic material response, though it may become computationally demanding as 
the number of slip systems increases. These models often predict a stronger 
influence of the grain size on the macroscopic yield stress, compared to the inverse 
square root Hall-Petch relation (exponent value of 0.5) that is commonly assumed. 
For example, a crystal plasticity model which includes the effects of both SSDs 
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and GNDs predicts a Hall-Petch exponent of 1.19 (Evers et al., 2004). Similarly, 
Counts et al. (2008) obtained a Hall-Petch exponent of 1.31 from their nonlocal 
crystal plasticity model, which compares well with the experimental data for 
copper by Fernandes and Vieira (2000). Ohno and Okumura (2007) incorporated 
the self-energy of GNDs in the extended virtual work formulation by Gurtin (2002). 
By considering several grain models with one slip system, they derived a unity 
value for the Hall-Petch exponent. Moreover, they showed that this inversely 
proportional relation is satisfied by a large class of polycrystals (Steel, Al, Ni, Cu, 
Fe) when the average grain size is smaller than mµ10 .   
In general, gradient crystal plasticity models are able to capture the grain 
mechanics adequately and thus can be adopted in solving a polycrystalline problem. 
This approach, however, requires the discretisation to be done at a scale smaller 
than the grain size. The computational cost thus escalates greatly with the size of 
the problem. For engineering applications where detailed information at the micro 
level is not required, a more efficient approach is highly desirable. In this 
connection, a homogenization theory is proposed here that translates the small 
deformation crystal plasticity framework by Cermelli and Gurtin (2002) 
consistently from the micro to macro level. The slip fluctuations induced by the 
interfacial resistance is incorporated at the macro level in an average sense. This 
enables a large problem to be solved in an efficient manner. As a first step towards 
a generic homogenization framework, we consider in this chapter an idealized 
material with one slip system and which is subjected to uniform shear, i.e., 
macroscopic gradients are absent. It is shown that the intrinsic length scale 
parameter and the average grain size manifest themselves in the homogenized 
solution. Apart from the interplay of the two characteristic length scales, the 
influence of the interfacial resistance on the material response is also demonstrated.  
5.2 Single crystal plasticity with one slip system 
Gurtin (2002) has proposed a finite deformation framework for a  crystal visco-
plastic model based on the extended virtual work principle. In these models, the 
higher-order stress can be interpreted as the continuum description of the Peach-
Koehler force on a slip system. Numerical results from Gurtin’s models are in 
good agreement with those obtained from discrete dislocation simulations 
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(Bittencourt et al., 2003). This chapter considers the small deformation 
thermodynamics framework for single crystal plasticity by Cermelli and Gurtin 
(2002), which is summarized here for completeness. 
5.2.1 Thermodynamics framework 
For simplicity, we consider plane deformation with only one slip system so that the 
problem reduces to 1D. The total shear strain is decomposed into its elastic and 
plastic components2 
pe γγγ ˆˆˆ +=  (5.1) 
The variations of the kinematic fields and their conjugates occur only in the slip 
direction. Without any loss in generality, the power statement is formulated for a 
unit area that is perpendicular to the slip direction.  
 
Fig 5.1: An arbitrary region consisting of two adjacent grains and their 
separating interface. 
For an arbitrary region as depicted in Fig 5.1, neglecting body forces, the power 
expenditure (per unit area) is given by  









∂++′++= ∫ γγγξγpiγτ &&&&&  (5.2) 
where variables ξpiτ ˆ,ˆ,ˆ  are the shear stress, microstress and the higher-order 
microstress conjugate to the elastic shear strain rate eγ&ˆ , the plastic slip rate pγ&ˆ  and 
its gradient pγ ′&ˆ  respectively. At the interface, the surface resistance )(ˆ is  from the 
side of grain i is assumed to expend power over the corresponding interfacial 
                                                
 
2
 We denote the (micro) variables within a grain with the ^ symbol. 
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plastic slip rate )(ˆ ipγ& .  We assume here that the displacement is continuous at the 
interface.   
Integrating the power expenditure by parts results in 
( )[ ] ( ) ( )[ ]




























where nˆ  is the outward direction of the external surfaces Rˆ∂  and snˆ  is the outward 
direction to the interface with respect to grain 1. The traction and microtraction 
acting on the external surfaces are thus nˆτˆ  and nˆˆξ  respectively. 
















ˆ )2()2()1()1( ξξ =−=  (5.5) 








ˆ pe GlG γγψ ′+=  (5.6) 
where G  is the shear modulus and l is an intrinsic length scale parameter. The 
defect energy (second term) accounts for the interactions of the elastic distortions 
due to GNDs that were built up through the interfacial resistance. We make use of 
the shear modulus to characterize the defect energy since it results from elasticity. 
There is no loss in generality since any other choice for the modulus can be 
incorporated in l. Note that our length scale parameter l is different (smaller) 
compared to other works where the slip resistance is assumed to be associated with 
the plastic slip gradient (e.g. Gurtin et al., 2007).  































Following Cermelli and Gurtin (2002), we assume that the contribution of the 
plastic slip gradient is strictly energetic, i.e., the dissipative length scale parameter 
is set to zero. Assuming that the dissipation inequality is satisfied in the bulk and at 
the surfaces independently, the crystal plasticity model is then constrained by the 
granular bulk dissipation inequality 
0ˆˆˆ ≥= pD γpi &  (5.8) 
as well as the surface dissipation inequality 
0ˆˆˆˆˆ )2()2()1()1( ≥+= pps ssD γγ &&  (5.9) 
Cermelli and Gurtin (2002) assumed a visco-plastic constitutive behavior that 
naturally satisfied the dissipation inequalities. For a rate-independent model, we 















piγpi &  (5.10) 
where sgn( ) is the signum function, m is a hardening exponent and dtp p∫= γ&ˆˆ  is 
the accumulated (positive) plastic slip. In a classical model without any interfacial 
influences, the plastic slip evolution is solely governed by the slip resistance pi . 
Since this constitutive assumption does not have a distinct yield point, 0γ  is 
typically interpreted as the offset strain with 0pi  as the yield stress.  
















ˆsgnˆ &  (5.11) 
where µ  is a surface modulus, dtp ipi ∫= )()( ˆˆ γ&  is the accumulated (positive) 
plastic slip at interface (i), 
sγ  is the reference surface strain and sm  is the surface 
hardening exponent. It is easily seen that these constitutive assumptions satisfy 
both dissipation inequalities in Eqs (5.8) and (5.9).  
 83 
5.3 Interfacial influence on plastic slip profile 
We discuss briefly in this section the fluctuation within a single grain of length 2L 
when plastic slip is constrained at the grain boundaries. For simplicity, consider a 
material with a constant slip resistance ( )0=m  subjected to forward shear. Note 
that τˆ  is constant within the grain as indicated by Eq (5.4a). Substituting Eqs (5.7b) 











0 τpiγ  (5.12) 
where 1)ˆsgn( =pγ&  in forward shear and x is the coordinate from the centre of the 
grain. 
The plastic slip has a symmetrical profile, i.e. 01 =C , because of uniformity in x. 





















0piτγ  (5.13) 
where 2C  is the plastic slip at the grain boundaries. Note that the plastic slip profile 
pγˆ  has to satisfy the interfacial microforce balance (5.5) at the grain boundaries. 
When there is no interfacial resistance ( )0=µ , Eqs (5.5) and (5.11) imply that the 
microtraction vanishes at the grain boundaries ( )0ˆ )( =iξ . This is commonly known 
as the microfree condition. To satisfy this condition, the first term in Eq (5.13) has 
to vanish, i.e. the classical solution  0ˆ piτ =  is recovered, and a constant plastic slip 
profile ( )2ˆ Cp =γ  is obtained. When an interfacial resistance is present ( )0≠µ , the 
plastic slip has a quadratic profile as given in Eq (5.13). The interfacial plastic slip 
2C  can then be solved with Eqs (5.5), (5.7b) and (5.11). In the extreme case where 
the interfacial resistance is infinitely large ( )∞→µ , the interfacial plastic slip 
becomes fully constrained ( )02 =C , which is commonly known as the microhard 
condition.  
The objective of this academic problem is to show that the granular plastic slip 
profile fluctuates according to the magnitude of interfacial resistance, which 
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manifests itself at the homogenized (macro) level. This induces a grain size 
dependent behavior, which we will discuss more thoroughly in Section 5.5. 
5.4 Homogenization theory 
Polycrystalline metals consist of multiple grains where plastic slips are constrained 
at the grain boundaries. For simplicity, we consider grains with only one slip 
system and of the same orientation. Two sets of coordinate systems are introduced 
here – the macro coordinate x existing at the scale of the specimen and the micro 
coordinate y which exists within a grain. In a macro continuum model, each macro 
point x characterizes the homogenized response of a unit grain centered at that 
point with (micro) coordinate y,  shown schematically in Fig 5.2. Note that in the 
rest of the chapter, the arguments of the micro variables in Sections 5.2 and 5.3 are 
now in y.  
 
Fig 5.2: A unit grain centered at macroscopic point x. 
For the considered simplified system, we logically restrict ourselves to uniform 
macroscopic shear. Standard continuum models can be inadequate even for this 
loading case because they do not account for the interfacial resistance. For 
illustrative purpose, consider a (macro) plastic strain )( pγ  satisfying the 
macroscopic boundary value problem. Here, classical continuum models will 
always predict a material response reflecting a uniform (micro) plastic slip ( )pγˆ  
within a unit grain. Solutions associated with fluctuating micro plastic slips (for the 
same homogenized quantity pp γγ ˆ= ) are therefore precluded. The predicted 
response from classical continuum models clearly underestimates the “real” 
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solution since it does not account for the additional work required to overcome the 
interfacial resistance.  
 
Fig 5.3: Different (micro) plastic deformations with the same average (macro) 
value. 
We next present a homogenization theory departing from the crystal plasticity 
model outlined in Section 5.2. Since there is a consistent transition from the micro 
to the macro continuum, the homogenized model is able to distinguish between the 
two different micro deformation states depicted in Fig 5.3, whereby an independent 
field characterizing the interfacial plastic slip has to be introduced.   
5.4.1 Decomposition of the micro plastic slip 
Eq (5.4a) indicates that τˆ  is constant within a unit grain. Together with Eq (5.7a), 










where τ and eγ  are the macroscopic shear stress and elastic shear strain 
respectively. 
Since eγˆ  is uniform within a grain, any spatial (micro) fluctuations along y must 
originate from the plastic slip pγˆ . With reference to Eq (5.13), we postulate that 
the (symmetric) plastic slip profile within a grain subjected to uniform shear can be 
decomposed into   
Lyyxwxyx pp ≤++=+ ,)(ˆ)(~)(ˆ γγ  (5.15) 
where pγ~  is the interfacial plastic slip and wˆ  is a fluctuation field with the 
requirement that 
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0)(ˆ =± Lxw  (5.16) 
i.e. it is a bubble field vanishing at the interfaces. The decomposition is shown 
schematically in Fig 5.4.  
 
Fig 5.4: Decomposition of plastic slip within a grain. 
For models with a constant slip resistance, the fluctuation field follows a quadratic 

























Since only the normalized fluctuation field is required later in Eq (5.31), in cases 






w −=  (5.18) 
without any loss in generality.  
5.4.2 Micro to macro continuum 
The macroscopic shear strain is defined as 





1)( , pp γγ ˆ=  is the macroscopic homogenized plastic 
strain and we have seen earlier that ee γγ ˆ= .  
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To have a proper scale transition, we apply the Hill-Mandel condition where the 
macroscopic power density dP  is derived by homogenizing the power expended in 
a unit grain. For a unit surface area perpendicular to the slip direction, 
dd PP ˆ=  (5.20) 
 In the following derivations, we consider a unit grain where plastic slips are 
constrained at the grain boundaries. It is assumed that only the side of the interface 
facing the grain contributes to its power expenditure. Using Eq (5.14), together 
with the assumed decomposition in Eq (5.15), the macroscopic power density can 
be obtained from Eqs (5.2) and (5.20) as 
( ) ( ) pbaped ssLwwP γξγpiγτ &&&&& ~ˆˆ21ˆˆˆ~ˆ )()( ++′+++=  (5.21) 
where the interfacial terms are written as 
Lya −=
= )()( )(  and Lyb == )()( )( .  
The terms with the fluctuation field wˆ  in Eq (5.21) can be reduced to 
wwwwww &&&&&& ˆˆˆ)ˆˆ(ˆ)ˆˆ(ˆˆˆˆ ττξξpiξpi ==′+′−=′+  (5.22) 







w && ξξ  since 0ˆ =
±= Ly
w& .  
Given that pp γγ ˆ= , from Eq (5.15), we have 
ppw γγ ~ˆ −=  (5.23) 
Since time and space are independent,  




The (macro) power density at a point x represents the average (micro) power 
expenditure of a grain centered at that point. For a specimen size that is much 
larger than a unit grain, the power density is a smooth field in x and the total 
macroscopic power can be obtained by integration. Substituting Eqs (5.22) and 




∫∫ +== γpiγτ && ~  (5.25) 





++−= τpipi  (5.26) 
The first term in Eq (5.25) can be further reduced with integration by parts such 
that 
( )[ ] ( )[ ] RR p undxuxP ∂++∂∂−= ∫ &&& τγpiτ ~  (5.27) 
where n is the outward direction of the external surface R∂ . Here, we see that the 
traction nτ  is imposed on the external surface. 








where Eq (5.28a) is the macro equilibrium condition. The interfacial resistance 
induces a heterogeneous plastic slip profile which results in (5.28b), the 
homogenized microforce balance.  




++= piτ  (5.29) 
which simply states that the applied shear stress has to overcome the average slip 
resistance, as well as the interfacial resistances that is smeared across the entire 
grain. It is also this additional balance that enables the homogenized solution to 
distinguish between different (micro) plastic states, for example in Fig 5.3, by 
taking into account the interfacial influence.  
In order to derive the macro constitutive relations in a consistent manner, the 
macroscopic free energy is obtained by averaging the fine-scale free energy. 
Substituting Eqs (5.14b), (5.15) and (5.23) into (5.6), the homogenization 



































=  (5.31) 
Compared to standard models, the homogenized free energy has an additional term 
( )pp γγ ~−  to account for the heterogeneous (micro) plastic slip. In the absence of 
interfacial resistance, the (micro) plastic slip has a uniform profile ( )pp γγ ~=  as 
discussed in Section 5.3 and this additional term vanishes. Note also that the 
variable a is a scalar characterization of the microscopic fluctuations. For materials 
with constant slip resistance )(ˆˆ xpipi = , the (normalized) fluctuation profile is 





a =  (5.32) 
where the two length scale parameters enter into the macroscopic formulation. For 
a more generic slip resistance )(ˆˆ yx += pipi , we approximate it with a constant 
value in Eq (5.39) and hence will adopt the same expression for a as given here. It 
will be shown in Section 5.5.3 that such an approximation is a reasonable one. 
We observe in Eq (5.26) that pi  involves the energetic shear stress τ as well as the 
dissipative slip resistance pi  and interfacial resistances )()( ˆ,ˆ ba ss . It is assumed here 
that the homogenized term can be decomposed into the sum of an energetic and 
dissipative component, i.e.  
DE pipipi +=  (5.33) 
where E)(  and D)(  are the energetic and dissipative component of ( ) respectively.  































=  (5.35) 
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The expression for Epi  in Eq (5.34b) does not resemble any of the terms given in 
Eq (5.26). It is not clear yet how this energetic component, as well as the 
thermodynamic force χ , is to be incorporated into the homogenized response. We 
thus continue the homogenization procedure with the dissipation inequalities to 
seek a better understanding.  
The macro dissipation is given by the difference between the power expenditure 

















where co-directional plastic flow is assumed.  
To complete the homogenization procedure, we equate the macro dissipation with 





ˆ +=  (5.37) 

































=  (5.38) 
where dtp ps ∫= γ&~ˆ )(  (since pp γγ ˆ~ =  at the interfaces). 
In general, it is difficult to derive a closed-form expression in terms of the macro 
kinematic variables for the first term in Eq (5.38). To circumvent this problem, we 
approximate the fluctuating (micro) slip resistance pi  in Eq (5.10) which is used in 















piγpipi &  (5.39) 
where the fluctuating (micro) plastic accumulation rate )(ˆ yxp +&  is replaced with 
its average value )(xp& . Note that *pi  satisfies the dissipation inequality in (5.8). 
The limitations of this approximation will be discussed in Section 5.5.3. 
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We further assume that ( )pγ&ˆsgn  is constant within a grain such that 
pppp &&&& === γγγ ˆˆ  (5.40) 
with p&  as the macroscopic (positive) plastic accumulation rate. 



















































































where Eq (5.42a) is the (approximate) macroscopic yield condition. Note that for 
materials with a hardening exponent 0=m , the approximation in Eq (5.39) is 
redundant and Eq (5.42a) is exact.  
Substituting Eqs (5.26) and (5.42) into the homogenized microforce balance (5.28b) 
implies  
Dpiχ =  (5.43) 
This equation thus provides an insight into the mechanics of the homogenized 
model. At equilibrium, a stress quantity χ  is induced by the (dissipative) 
interfacial resistance Dpi . Note that we have equality of the two fields in Eq (5.43) 
because of the approximation in (5.39). For a generic slip resistance )(ˆˆ yx += pipi , 
the homogenized expression for the first term in Eq (5.38) (if it exists in closed-
form), may result in other expressions for (5.42) and hence a different balance 
equation in (5.43). At the macro level, the stress quantity χ  induces additional 
hardening in the form of a backstress in the yield condition (5.42a). Substituting Eq 
(5.43) into (5.42), we obtain a more intuitive equation 
92 





























~sgnsgn &&  (5.44) 
which is the balance of the applied shear stress and the (average) slip resistance, as 
well as the interfacial resistance that is uniform distributed across the entire grain. 
Substituting Eq (5.32) and the constitutive relations (5.35) and (5.42b) into (5.43), 
the following balance equation results 















γµγγ &  (5.45) 
which will be utilized in the subsequent sections for further analyses.  
5.5 Results and discussions  
Let’s consider a very long strip subjected to uniform shear. The equilibrium 
condition (5.28a) is thus trivially satisfied. The homogenized material response can 
then be obtained from the yield condition (5.42a) as well as the balance expression 
in (5.45). Unless otherwise stated, we assume the following material properties: 
3
0 10×= piG , lL 5.2= , l0piµ = , 30 102 −×== sγγ  and 3.0=sm .  
5.5.1 Unconstrained micro-scale interfaces 
If the interfacial resistance of a grain vanishes )0( =µ , we observe from Eq (5.45) 
that  
pp γγ =~  (5.46) 
which implies uniform plastic slips within a grain, consistent with the micro 
analysis in Section 5.3. A zero backstress χ  is then obtained in Eq (5.35) and the 
classical yield condition is recovered in Eq (5.42a).  
5.5.2 Constant micro-scale slip resistance 
Next, consider the case where there is no plastic hardening in the grain interior 
)0( =m , i.e. the macroscopic yield condition (5.42a) is exact. The interfacial 
resistance tends to impede the inter-granular plastic slips, causing plastic slip to 
concentrate within a grain. The influence of these micro fluctuations in the absence 
of macroscopic gradients is studied in this section.  
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5.5.2.1 Fully constrained micro-scale interfaces 
When the interfacial resistance is infinitely large ( )∞→µ , it is easily observed 
from Eq (5.45) that the surface modulus µ  acts as a penalty constraining the 
evolution of pγ~  to 0~ =pγ , which is consistent with the definition of microhard 
boundaries. The material then exhibits a linear hardening behavior where 





sgnsgn +=⇒=− &&  (5.47) 
5.5.2.2 Nonlinear interfacial resistance 
For the material with a constant slip resistance ( )0=m , we next consider an 
interfacial behavior that lies between the unconstrained and fully constrained 
conditions. For a macro plastic deformation characterized by pγ , the 
corresponding pγ~ can be solved numerically from Eq (5.45). The resulting shear 
stress τ  required to impose the deformation can then be computed from the yield 
condition (5.42a) and Eq (5.35) as 
( ) ( )ppp L
lG γγpiγτ ~3sgn 2
2
0 −+= &  (5.48) 
The total shear strain is given by 
ppe G
γτγγγ +=+=  (5.49) 
Fig 5.5 depicts the stress-strain graph for one loading cycle. A classical continuum 
model predicts only the constant slip yield stress. The homogenized response, on 
the other hand, reflects the non-linear interfacial resistance. For this simple 
example, given the macro variables τ  and pγ~ , one can determine the microscopic 
plastic slip  ( pγˆ ) from Eq (5.13). To gain a better insight into the homogenized 
behavior, profiles of pγˆ  are plotted in Fig 5.6 for different loading stages in Fig 5.5.  
In Fig 5.6a, we observe that at the initial stage of plastic deformation, grain 
interfaces act as barriers to plastic slip. The gradient of the interfacial plastic slip 
reflects the piling up of GNDs against these barriers. For a low surface hardening 
exponent sm , significant interfacial plastic slip occurs only beyond a certain 
threshold. This results in the two “yield points” in Fig 5.5 – the granular bulk 
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material yields at load point (i) while the interfacial threshold is reached at load 
point (ii). Between these two points, there is linear hardening in the stress strain 
curve due to the quasi microhard boundary conditions. Beyond the threshold at (ii), 
macroscopic hardening occurs at the same rate as the interfaces. 
 
Fig 5.5: Stress strain graph for one loading cycle with nonlinear interfacial 
resistance. 
 
Fig 5.6: Evolution of pγˆ  in a unit grain during (a) forward shear and (b) 
reverse shear. 
We also note that the backstress χ  in Eq (5.42a) induces kinematic hardening. 
This is observed in Fig 5.5, i.e., the slip material starts to yield in the reverse 
direction at point (iv), at which the magnitude of the shear stress decreased by 02pi . 
Similar to forward shear, inter-granular plastic slip in the reverse direction is first 
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impeded at the interfaces. This quasi microhard condition leads to a linear 
hardening response until the threshold at point (v), beyond which significant 
interfacial plastic slip occurs. In the (micro) constitutive model, the hardening of 
the interfaces induced by the earlier loading process is stored in the interfacial 
plastic slip accumulation )(ˆ sp . The monotonic increase in )(ˆ sp  reveals this 
isotropic hardening response, i.e., the interfacial threshold at load step (v) has the 
same magnitude as the shear stress at (iii). Beyond this threshold, macroscopic 
hardening occurs at the same rate as the interfaces. The corresponding plastic slip 
profiles in reverse shear are depicted in Fig 5.6b. When the material first starts to 
yield, the plastic slip profile at load step (iv) is identical to that in (iii). Initially, the 
interfacial plastic slip is negligible. The amplitude of pγˆ  decreases with load until 
the threshold at (v) is reached. Beyond this point, significant inter-granular plastic 
slip occurs in the opposite direction.  
In the absence of hardening in the grain interior, the material exhibits kinematic 
hardening due to the backstress induced by the interfacial resistance, as well as 
isotropic hardening due to the hardening of interfaces. For the microhard 
conditions in Section 5.5.2.1, there is only kinematic hardening since the isotropic 
surface hardening is absent. 
5.5.3 Plastic hardening in slip material  
This section discusses the limited validity of the homogenized response for fine-
scale slip with plastic hardening )0( >m . First, consider the micro-free assumption 
)0( =µ  in Section 5.5.1 where the plastic slips are uniform inside a grain. In this 
case, since )()(ˆ xpyxp && =+ , no approximation is involved in Eq (5.39) and the 
homogenized model is an exact representation of the unit grain. A non-zero 
interfacial resistance induces micro fluctuations in the plastic slips within a grain. 
This results in a discrepancy between the micro plastic accumulation rate 
)(ˆ yxp +&  and its average value )(xp& . Since the amplitude of the fluctuation 
varies with the interfacial resistance, we expect the deviation to be most significant 
when the interfacial plastic slips are fully constrained (microhard). We therefore 
consider the microhard conditions for the (approximate) homogenized model. This 
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is later compared with the fine-scale reference solution obtained from the micro 
analysis. For simplicity, only forward shear is considered.  
The macroscopic material response from the approximate homogenized model is 
computed in a similar manner as in Section 5.5.2.2. For each value of plastic strain 
pγ  characterizing the macroscopic plastic deformation, the applied shear stress can 



















=  (5.50) 
where ( ) 1sgn =pγ& , pp γ=  in forward shear and 0~ =pγ  because of the microhard 
assumption. The corresponding total shear strain γ  is computed through Eq (5.49).  
 
Fig 5.7: Comparison of solutions from the fine-scale crystal plasticity model 
and the coarse-scale approximate homogenized model. 
The homogenized solutions are plotted together with the (micro) numerical results 
(see appendix for numerical details) in Fig 5.7. The offset strain 0γ  typically has a 
small value such that in the micro model, 0ˆ γ<p  only at the initial stage of 
deformation. Beyond this initial stage, a smaller m value limits the influence of the 
(fluctuating) plastic slip accumulation pˆ , resulting in a lower slip hardening rate in 
Eq (5.10). Moreover, we observe from Fig 5.7 that the material is stiffer when the 
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L/l ratio decreases (which implies less plastic deformation pγˆ ). Since the micro 
plastic slip rate pγ&ˆ  decreases with the L/l ratio and its influence on the slip 
hardening is limited when m is small, we observe in Fig 5.7 a corresponding 
reduction in the approximation error when these conditions are satisfied. 
It is emphasized here that the graphs depicted Fig 5.7 are obtained for the 
microhard condition. A lower interfacial resistance will induce less fluctuation 
within a grain and the error involved with the approximation pp && ≈ˆ  is expected to 
decrease. We therefore conclude that for materials with plastic hardening )0( >m , 
Eq (5.39) is a reasonable approximation even for the most critical microhard 
condition. Note that since the micro fluctuation is approximated with its average 
value, the power expenditure captured in the homogenized solution is less than the 
“exact” amount predicted by the micro analysis. The homogenized stress-strain 
response is thus a lower bound solution, which can also be observed in Fig 5.7. 
5.5.4 Influence of grain size and interfacial resistance 
In the sequel of the chapter, we adopt the more realistic (but approximate) model 
with slip hardening )0( >m . For simplicity, only forward shear is considered and 



























0  (5.51) 
since ( ) ( ) 1~sgnsgn == pp γγ && ,  pp γ=  and psp γ~ˆ )( = .  




















2  (5.52) 
Classical continuum models account for micro-scale properties in an average sense 
only. A phenomenological approach to include the interfacial influence at the 
macro level is to incorporate the averaged surface modulus Lµ   into the standard 
plasticity yield condition. However, such a refinement will only address the 
problem partially – whereas the macro solution now accounts for the interfacial 
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behavior, it cannot distinguish between different grain structures having the same 
averaged surface modulus Lµ .  
In our homogenization theory, this limitation is fully resolved by introducing an 
additional kinematic field pγ~  that characterizes the interfacial plastic slip. 
Consider specimens with the same material parameters except for the grain 
quantities µ  and L . For each macro plastic deformation characterized by pγ , an 
interfacial plastic slip pγ~  that depends on the underlying granular properties 
),( Lµ  is obtained through Eq (5.52). The corresponding shear stress for the plastic 
deformation can then be obtained with Eq (5.51). Even if the specimens have the 
same averaged surface modulus Lµ , the additional kinematic variable pγ~  enables 
the homogenized model to distinguish between different grain characteristics. This 
is illustrated in Fig 5.8 where the same value of Lµ  results in different 
homogenized responses.  
 
 
Fig 5.8: The homogenized model is able to distinguish between different grain 
characteristics, for the same averaged surface modulus Lµ . 
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5.5.5 Hall-Petch effect  
In general, the yield strength of metals )( yσ  varies with its average grain size (2L) 
according to the Hall-Petch empirical relation 
ασσ −+= )2(0 LkHy  (5.53) 
where 0σ  is the critical stress, α  and Hk are the Hall-Petch exponent and slope 
respectively. An inverse square root relation ( )5.0=α  is typically recovered in 
many analyses. As mentioned in the introduction, several studies based on different 
models and assumptions have predicted a higher Hall-Petch exponent in the range 
3.11 ≤≤ α , with supporting experimental data in some cases.  
In this section, we investigate the Hall-Petch effect predicted by the homogenized 
model. The yield point is defined at the offset strain 0γ . The corresponding 
interfacial plastic slip at yield )~( yγ  is obtained from Eq (5.52) by substituting 
















0  (5.54) 
While it is easily seen that yτ  varies inversely with the average grain size in Eq 
(5.54), the exact relation is not immediately clear due to the nonlinear behavior in 
(5.52). The Hall-Petch effect is plotted in Fig 5.9 for different material parameters. 
It is observed that the two grain properties, µ  and L, play an important role at the 
macro level. For materials with the same grain size, an intuitive result is obtained 
where yτ  increases with the surface modulus µ . At low values of µ  (weak 
interfaces), the increase in the yield stress is marginal. For materials with the same 
surface modulus µ , yτ  varies inversely with the grain size. It is observed that when 
1.0=sm , a Hall-Petch exponent of 1=α  is predicted for all values of µ . 
However, when 1=sm , the Hall-Petch exponent increases with µ  and in certain 
cases, a rather high value of 9.1=α  is obtained. We note here that a low surface 
hardening exponent sm  is required to reveal the interfacial yield point that was 
demonstrated in Section 5.5.2.2. A linear surface hardening model )1( =sm  does 
not reflect any interfacial yield point. In order to capture a more realistic interfacial 
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yielding response, the homogenized model requires a low sm  value, though 
numerical difficulties may occur if this exponent value is too low. In the earlier 
sections, we have adopted the value of 3.0=sm  in our computations, which results 
in a Hall-Petch exponent of 1≈α .  
 
Fig 5.9: Hall-Petch size effect predictions with the homogenized model 
(numerical difficulties may be encountered when 1.0=sm and the graph is 
truncated with a red circle). 
5.6 Conclusion 
Classical continuum models cannot capture the grain size dependent behavior 
induced by an interfacial resistance in crystals. In this chapter, we have adopted the 
single crystal plasticity framework by Cermelli and Gurtin (2002), which is able to 
model the interfacial response with non-standard boundary conditions. A 
homogenization theory is proposed to coarse grain the crystal model into a 
macroscopic one in a thermodynamically consistent manner. For simplicity, a 
material with only one slip system subjected to uniform macroscopic shear is 
considered. By introducing an additional kinematic variable characterizing the 
interfacial plastic slip, the proposed model is able to predict the additional 
hardening induced by the interfacial resistance in the form of a backstress χ .  
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The fluctuating slip resistance within a crystal is approximated with an average 
value in the homogenization framework. When compared with the exact solution 
obtained from the crystal plasticity model, it was shown that the errors involved 
with such an approximation are small even for the most critical case, i.e. the 
microhard condition. Two length scale parameters, the intrinsic length scale l and 
the characteristic grain size L, manifest themselves in the homogenized solution. 
This allows the model to naturally capture a grain size influence at the macro level. 
Moreover, since two length scale parameters are present, their contributions to the 
homogenized solution can be studied independently. For a more realistic model 
where the interface “yields” after a certain threshold, a low surface hardening 
exponential sm  has to be adopted. In this case, the homogenized model predicts a 
Hall-Petch exponent of 1≈α .  
We have considered a simple problem in this chapter where the size dependent 
behavior is induced solely by the interfacial resistance for a homogeneous 
macroscopic deformation. This is a step towards a more generic homogenization 
framework to account for the two types of size dependent behavior as mentioned in 
the introduction.  
Appendix 
This section describes the numerical implementation of the adopted crystal 
plasticity model by satisfying the governing equations in Eq (5.4) in a weak sense. 
The weight functions are taken as variations of displacement ( )uˆ  and plastic slip 
( )pγˆ  respectively. For a unit grain, applying the integration by parts to the 
weighted integrals, we have 
( ) ( )



























where u′= ˆˆ δγδ .  





















where the time step is indicated with a superscript.   
Substituting the linearization (5.56) and the constitutive relations (5.7) and (5.10) 
into Eq (5.55) yields 





L p ∫∫ −−− −=− τγδτδγγγδ ˆˆˆˆˆˆˆˆ  (5.57) 































































































where ( ) 1ˆsgn =pγ&  and pp γˆˆ =  in forward shear. Note that the boundary 
contribution in Eq (5.55b) vanishes for microhard assumptions.  











where uN  , γN  are row matrices of shape functions with ua  and γa as the 
corresponding vectors of nodal values. The basic variables uˆ  and pγˆ  are the 
assembled displacement and plastic slip respectively.   
Substituting Eq (5.59) into the linearized equations in (5.57) and (5.58), we obtain 





































⋅⋅=  (5.61) 
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±= ⋅−⋅⋅= ττ ˆˆ  





































where ( )T implies the transpose of ( ), uB  and γB  are the gradient operator 
matrices. 
When solving for the fine-scale response at the level of a grain, we impose the 
boundary conditions 0ˆˆ ==
− LpLp
γγ  due to the microhard assumption. The 
macroscopic shear strain of a unit grain is defined as the relative interfacial 







ˆγ .  
 
 
 6 Towards a homogenized plasticity theory which 
predicts structural and microstructural size 
effects1 
Abstract: We study a bending problem where two types of size effects are present 
– one induced by the non-uniform (macro) deformation, the other due to the 
(internal) interfacial resistance. Classical models are not able to capture either of 
the two size dependent behavior. One remedy is to adopt gradient crystal plasticity 
models such that the solution depends on the material’s intrinsic length scale as 
well as its interfacial resistance. While this approach allows one to study the direct 
influence of different microstructural characteristics on the material response, it is 
computationally expensive to do so since the discretisation has to be done at a sub-
granular level. This chapter proposes a homogenization theory such that the small 
deformation crystal plasticity formulation by Cermelli and Gurtin [Cermelli, P., 
Gurtin, M. E., 2002. Geometrically necessary dislocations in viscoplastic single 
crystals and bicrystals undergoing small deformations. Int. J. Solids Struct. 39, 
6281-6309.] translates from the micro to macro level in a consistent manner. The 
homogenized solution compares well with the micro analysis for the two limit 
cases, i.e., microhard and microfree conditions. We also discuss on the interplay 
and competition between the two size effects for the bending problem with the 
homogenized solution.  
6.1 Introduction 
It is widely reported that metals exhibit a size dependent behavior when subjected 
to heterogeneous deformation, for example in bending (Stölken and Evans, 1998) 
or torsion (Fleck et al., 1994). At the crystallographic level, slip resistance is 
largely due to the random trapping of dislocations commonly known as the 
                                                
 
1
 In preparation for journal submission. 
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statistically stored dislocations (SSDs). The trapping of SSDs impedes further 
dislocation movements and manifests itself at the continuum level as strain 
hardening. Under heterogeneous deformation, geometrically necessary dislocations 
(GNDs) are generated in the material in additional to the SSDs, so as to satisfy 
crystallographic geometrical compatibility requirements. As the characteristic 
structural size approaches a microstructural length scale, the additional work 
required to generate the GNDs becomes more dominant, inducing a size 
dependence phenomenon. Even when a specimen is subjected to a homogeneous 
deformation, for example in tension or compression, an intrinsic size effect is 
observed where the yield stress is found to be dependent on the grain size, as 
described by the Hall-Petch empirical relation. This phenomenon is due to the fact 
that a uniform macroscopic deformation does not preclude a fluctuating 
microscopic field. While neighboring grains in the material can deform 
dissimilarly in this case, they still have to satisfy the geometrical constraints at 
their (microscopic) shared boundary and GNDs are thus generated, albeit only near 
the interfaces. At the macroscopic level, this triggers a grain size dependent 
behavior since the additional hardening is due to the interfacial resistance. 
Classical continuum models, being scale independent, are unable to predict the 
abovementioned size effect phenomena. Since the plastic strain gradient is 
commonly related to the GNDs (Ashby, 1970), many researchers have developed 
higher order models incorporating these gradients as a measure of the additional 
hardening induced by GNDs (e.g. Fleck and Hutchinson, 1997; Gudmundson, 
2004). In order to maintain dimensional consistency, a length scale parameter 
associated with the plastic deformation is introduced. When a specimen’s 
characteristic dimension is comparable to this length scale parameter, the gradient 
contribution becomes dominant and thus reflects the size effect in the material 
response. Generally, there is an adequate quantitative agreement between predicted 
results and experimental observations.  
Many gradient models do not explicitly account for the interfacial influence. 
Instead, a length scale parameter is calibrated from experimental data (e.g. Nix and 
Gao, 1998; Stölken and Evans, 1998) to characterize both types of size effect 
mentioned in the opening paragraph – GNDs resulting from heterogeneous 
specimen deformation as well as at the microscopic grain interfaces. A 
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disadvantage with this approach is that the length scale parameter is now a 
combined average measure of two different modes of incompatible plastic 
deformation. Also, note that these models are not able to predict the Hall-Petch 
phenomenon in a uniform macroscopic deformation (e.g. uniaxial tension). An 
alternative strategy is to utilize the non-standard boundary conditions in the higher 
order gradient models to capture the interfacial behavior. In their studies on thin 
films, several researchers have demonstrated the direct influence of the film-
substrate interface with different gradient plasticity models (e.g. Abu Al-Rub, 2008; 
Fredriksson and Gudmundson, 2005). Although the grain boundaries are not 
explicitly accounted for in these models – they are smeared throughout the entire 
film – the findings nevertheless illustrate the importance of adopting the 
appropriate interfacial behavior.   
A more realistic model incorporating the granular interfacial behavior can be 
achieved with higher order crystal plasticity formulations, where the plastic strain 
is related to individual slip systems via a kinematic assumption. A class of gradient 
crystal plasticity models based on the extended virtual work principle was 
developed by Gurtin (2002). It was shown that the response of a single crystal 
depends on two length scales – an intrinsic length scale parameter as well as the 
size of the crystal (Gurtin et al., 2007). Evers et al. (2004) studied the grain 
boundary effects with a crystal plasticity framework incorporating both SSDs and 
GNDs. For a polycrystalline specimen subjected to tension, it was illustrated that 
the GNDs build-up near to the grain boundaries. Moreover, the GND density 
displays an inverse relation with the grain size.  
The influence of the two length scales and the interfacial resistance can thus be 
studied independently by incorporating the grain boundaries in the crystal 
plasticity models. However, for a generic engineering problem, it is 
computationally expensive to do so since the discretisation has to be done at a 
scale smaller than the grain size. Motivated by the need for a more efficient 
framework, we have proposed in Chapter 5 an analytical homogenization theory 
such that the crystal plasticity model by Cermelli and Gurtin (2002) translates to a 
macroscopic one in a thermodynamically consistent manner. Based on an assumed, 
idealized grain structure with one slip system only, it was demonstrated that the 
homogenized solutions to a macroscopic shear problem match closely with those 
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obtained from the crystal plasticity model. Alternatively, a computational 
homogenization technique was proposed in Okumura et al. (2007). Their numerical 
framework involves three macroscopic degrees of freedom and is thus more 
expensive computationally, though it has the flexibility to assume a unit cell 
consisting of grains with different orientations. The influence of the grain 
boundaries was clearly illustrated in their examples where the (macro) deformation 
is uniform. For a generic problem with a heterogeneous (macro) deformation, the 
resulting numerical framework is likely to be rather involved. 
In this contribution, we extend the homogenization theory in Chapter 5 and 
consider a plane strain bending problem where macroscopic gradients are involved. 
Assuming a symmetric double slip system, the problem can be solved analytically 
in 1D. The work done and energy stored at the microscale are formulated in terms 
of macroscopic quantities, which results in two governing equations to be solved at 
the macro scale. By considering a heterogeneous (macro) deformation in this 
chapter, the interplay between the two types of size effect as outlined in the 
opening paragraph can be investigated. Moreover, the homogenized microforce 
balance has the same form as the implicit gradient equation, a gradient 
enhancement generally utilized to avoid mesh dependency issues during softening 
(e.g. Peerlings et al., 1996) and which was also later formulated for strain 
hardening problems in Chapter 4.  
In the first part of the chapter, we illustrate the capability of an adopted gradient 
crystal plasticity model in capturing the influences of the two length scales, as well 
as the interfacial resistance, in a planar bending example. Next, we propose a 
homogenization theory such that the micro analysis is up-scaled onto the macro 
level. The same bending problem is then solved with a more efficient (macro) 
continuum formulation that accounts for the (micro) fluctuations in an average 
sense. In addition, the close match between the homogenized solutions and the 
micro analyses for the two extreme cases (microfree and microhard conditions) is 
also demonstrated in this chapter. 
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6.2 Crystal plasticity thermodynamics framework 
Based on the extended virtual work principle, Gurtin (2000) had developed a class 
of gradient crystal plasticity models in a thermodynamically consistent manner. 
We adopt, in this chapter, the small deformation version of the theory (Cermelli 
and Gurtin, 2002; Gurtin et al., 2007). In these formulations, the higher order 
microstress can be interpreted as the continuum description of the Peach-Koehler 
force on a slip system. Numerical results from Gurtin’s models are in good 
agreement with those obtained from discrete dislocation simulations (Bittencourt et 
al., 2003). For completeness, we summarize the framework in this section. 
The (micro) total strain tensor is decomposed into its elastic and plastic 
components2 
pe εεε ˆˆˆ +=  (6.1) 
The (micro) plastic strain tensor is characterized by the slip )(ˆ αγ  and the symmetric 






ˆ smmsε p  (6.2) 
where )(ˆ αs  is the slip direction and )(ˆ αm is the slip plane normal. 
 
Fig 6.1: Schematic representation of region R consisting of grains 1 and 2.  
Consider an arbitrary region R depicted in Fig 6.1 with RS  as the interface 
separating two adjacent grains. Assuming that the grains are of the same 
                                                
 
2
 Within a crystal, the (micro) variables are denoted with the ^ symbol. Variables associated with 
slip systemα  have the superscript )(α .  
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where σˆ , )(ˆ αpi and )(ˆ αξ  are the symmetric (micro) elastic stress tensor, microstress 
and higher order microstress respectively. A surface resistance )( )(ˆ
α
is  is assumed to 
expend power over the plastic slip rate at the interface facing grain i. In general, 
there can be an additional contribution to the last term due to the displacement 
jump at the interface. Here, we assume that the displacement is continuous across 
RS . 
Substituting Eqs (6.1) and (6.2) into (6.3) and applying the divergence theorem, we 
have  
( ) ( )[ ]
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where ( ) )()()( ˆˆˆˆ ααατ smσ ⋅⋅=  is the resolved shear stress and snˆ  is the outward 
normal at the interface from grain 1. 
The governing equations are thus the standard equilibrium condition 
0σ =⋅∇ ˆ  (6.5) 





ααα piξτ =⋅∇+  (6.6) 
The vectorial tractions and scalar microtractions acting on the external surface are 
obtained as nσ ˆˆ ⋅  and nξ ˆˆ )( ⋅α  respectively.  
The interfacial balance is given by 
















A simple form of defect energy which is quadratic in dislocation densities was 
presented in Gurtin et al. (2007). This assumption, though neglecting the coupling 
between different slip systems, is capable of predicting similar results to those 
obtained from discrete dislocation simulations for a film-substrate problem (Nicola 







ααγψ sεCε Glee  (6.8) 
where C is the fourth order elasticity modulus, G  is the shear modulus, l is an 
intrinsic length scale parameter 3  and )()( ˆˆ ααγ s⋅∇  denotes the edge dislocation 
density of slip system α . We have assumed here that the shear modulus is 
associated with the plastic slip gradient. Note that there is no loss in generality with 
this assumption since the discrepancy with a different choice for the modulus can 
be incorporated in l. 
Following Cermelli and Gurtin (2002), we assume that the higher order microstress 
)(ˆ αξ  is strictly energetic. From the standard Coleman-Noll procedure, the 

























= Gl  
(6.9) 
Assuming that the dissipation inequality is satisfied in the bulk and at the surfaces 




αα γpi &D  (6.10) 
as well as the surface dissipation inequality 
( ) 0ˆˆˆˆˆ )( )2()( )2()( )1()( )1( ≥+=∑
α
αααα γγ && ssDs  (6.11) 
For simplicity, we assume in this chapter a constant intra-granular resistance 
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)( )ˆsgn(ˆ piγpi αα &=  (6.12) 
where )sgn(  is the signum function  and 0pi  is a (positive) stress parameter. 







)( ˆ)ˆsgn(ˆ ααα µγ iii ps &=  (6.13) 





αα γ&  is the (positive) interfacial 
plastic slip accumulation from the side of grain (i). 
It is easily seen that the assumptions in Eqs (6.12) and (6.13) satisfy the inequality 
constraints in (6.10) and (6.11).  
6.3 Foil in plane strain bending  
We assume a symmetric planar double slip system for a bending problem. In a 
general continuum setting, the foil consists of unit cells representing an average 
grain with plastic slips impeded at the cell boundaries. Here, we consider an 
idealized configuration, shown schematically in Fig 6.2, where the foil is layered 
vertically and the material is homogeneous in the x1 direction.  
 
Fig 6.2: Foil layered in the vertical direction. The double slip system is shown 
for a segment of a unit layer centered at x.  
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An arbitrary region in the foil is thus in fact a single crystal with an interfacial 
resistance in the vertical direction ( )2x  only. With these simplifications, the 
material behavior varies only in the x2 direction. In this section, we reduce the 
framework of Section 6.2 to 1D for the bending example. 








)2( cossinˆ,sincosˆ eemees θθθθ −−=+−=  
(6.14) 
where )(ˆ αs  and )(ˆ αm are the direction and normal of slip plane α  respectively; 1e  
and 2e  are unit vectors along the x1 and x2 axes.   
Substituting Eq (6.14) into (6.2) and making use of the fact that the off-diagonal 
terms in pεˆ  vanish, we obtain 
γγγ ˆˆˆ )1()2( =−=  (6.15) 












pp εε  (6.16) 
where θγε 2sinˆˆ =p . 
For an incompressible material in plane strain, the micro strain tensor is obtained 










= κεεε  (6.17) 
where κ  is the curvature of the foil, uˆ  is the displacement vector  and 
ii x∂∂= )()( , .  












epe εεεε  (6.18) 
where pe εεε ˆˆˆ −= . 
Shear stresses are absent in this example and the equilibrium condition (6.5) 
dictates that 
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0ˆ,0ˆ 2,221,11 == σσ  (6.19) 
Since pεˆ  is constant in the horizontal direction, Eq (6.19a) implies that the 
deformation is also uniform in x1, i.e., κ  is a constant. Moreover, the foil is 
traction-free at its horizontal surfaces and we obtain from Eq (6.19b) 
devvol
2222 ˆˆ0ˆ σσσ −=⇒=  (6.20) 
where volσˆ is the volumetric stress and devσˆ is the (micro) deviatoric stress tensor. 
Note that eεˆ is deviatoric in Eq (6.18) such that devdev 2211 ˆˆ σσ −= . Together with Eq 












σ  (6.21) 
where dev11ˆ2ˆ σσ = .  
The resolved shear stress τˆ  is thus 





=⋅⋅=−== smσ  (6.22) 
Since )(ˆ αγ  varies only in the vertical direction, the magnitude of the microstress 




ˆsin2ˆˆ ααα γθξ Gl== ξ  (6.23) 
In the remainder of the chapter, we write this magnitude only when referring to the 
microstress so as to facilitate our problem formulation. 




=−==−= pipipi  (6.24) 
The formulation in Section 6.2 is simplified here for the bending problem 
considered. We consider an arbitrary region R where two adjacent layers are 
separated with the interface RS . Substituting Eqs (6.16) – (6.18) and (6.21) – (6.24) 
into (6.3), the power expenditure becomes 
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{ } { }





















where iAˆ  is a surface perpendicular to the xi direction.  
Integrating the power expenditure by parts leads to 
( ){ }
( ) ( ){ }

































where 1ˆ ±=in  is the (outward) unit direction of surface iAˆ . For the interface, its 
(outward) unit direction 1ˆ ±=sn  is taken with respect to layer 1. We see that 
traction 1ˆˆ nσ  and higher order traction 2ˆˆsin nξθ  are imposed on surfaces 1ˆA  and 
2
ˆA  respectively.  
The equilibrium condition thus reduces to 
0ˆ 1, =σ  (6.27) 
which is trivially satisfied in this idealized problem since the material and 
deformation are homogeneous in the x1 direction.  
The microforce balance is given as 
piξθτ ˆˆsinˆ 2, =+  (6.28) 
The balance at the two sides of the interface is given by  
ss nξsnξs ˆ
ˆsinˆ,ˆˆsinˆ )2()2()1()1( θθ =−=  (6.29) 
Note that the trivial satisfaction of the equilibrium equation (6.27) implies the 
balance of tractions 1ˆˆ nσ  at the external surfaces. We thus only have to solve for 
the microforce balance (6.28) in the x2 direction, i.e., the problem is effectively 
reduced to 1D. 





222 )(sin2ˆ2ˆ γθεψ GlG e +=  (6.30) 























































where ( ) )()()( ˆˆsgnˆ iii ps µγ&=  at the interfaces. 
6.4 Analytical solutions in plane strain bending 
Insight into the behavior of the foil can be obtained by solving the micro analysis 
in Section 6.3 under some simplifying assumptions. It is demonstrated in this 
section that the adopted crystal plasticity model is able to distinguish between the 
two length scales in the material response. The micro analysis approach is thus 
advantageous compared to gradient plasticity models which incorporate the micro-
structural influences collectively with a single length scale parameter.  
We consider a material where 0pi>>G  so that plastic yielding occurs in the entire 
foil and the microforce balance (6.28) holds throughout the entire domain. Since 
the variation of the kinematic and stress fields exists only in the vertical direction 
x2, the problem can be solved analytically in 1D. To simplify notations, the 
coordinate is written as x (subscript ‘2’ is dropped). Analytical solutions to the 
bending problem are discussed in this section for the two extreme assumptions, i.e., 
the microfree and microhard interface conditions.  
6.4.1 Microfree assumption 
There is no interfacial resistance in the microfree assumption and the entire foil can 
be considered as a single layer centered at 0=x . Taking into account the anti-
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symmetric deformation, we consider only the upper half of the foil ( )Hx ≤≤0 . 





























= .  
The anti-symmetric plastic strain is constrained to be zero at the neutral axis. For a 
microfree assumption, the micro traction vanishes at the top external surface. The 








x εε  (6.34) 

































































The elastic stress profile is then obtained from 
( )pxG εκσ ˆ4ˆ −=  (6.36) 
6.4.2 Microhard assumption 
The foil of thickness 2H now consists of a sequence of strips. Each strip has a 
height 2L and is bounded by two consecutive interfaces, defining a unit layer. The 
centre of a unit layer is denoted with x (now taken as a constant in each layer) and 
a micro-coordinate y indicates the distance from the origin x. This is shown 
schematically in Fig 6.2 for a segment of the unit layer. Without any loss in 
generality, for a unit layer of height 2L centered at x, the kinematic fields are now 
expressed in terms of the micro-coordinate y. Substituting Eqs (6.12), (6.16) and 




























p εε  (6.38) 
For a unit layer centered at x, the plastic strain profile is obtained from the 















































































The elastic stress profile can be then be computed from 
[ ]pyxG εκσ ˆ)(4ˆ −+=  (6.40) 
6.4.3 Discussion on the (micro) analytical solutions  
The analytical microscopic solutions are next further analyzed. Values o60=θ , 
5
0 10×= piG  and l
4101 −×=κ  are adopted for all subsequent computations.   
For the microfree assumption, we can compute from Eq (6.36) the bending 
moment Mˆ  for a given foil of height H2 . A classical elasto-plastic model does 
not incorporate the gradient influence. Since 0pi>>G , 0ˆ piτ =  in the entire foil and 
the axial stress is obtained from Eq (6.31a) as θpiσ 2sin2ˆ 0= . The bending 
moment for this classical model thus equals θpi 2sin2 200 HM = , which is next 
used to normalized the values obtained with the strain gradient model. The 
normalized bending moment for the first case is depicted in Fig 6.3, revealing a 
size dependent behavior for a foil with single layer thickness and where 
dislocations are free to escape at the boundaries. It is easily observed that the 
bending response is higher for thin foils and approaches the classical solution as 
the foil thickness increases. In this case, the apparent material response is 
dependent on the ratio between its intrinsic length scale l and the characteristic 
geometrical size H. 
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Fig 6.3: Bending moment for a foil )ˆ(M  obtained from microscopic model 
with microfree assumption, normalized with respect to the classical elasto-
plastic solution ( )θpi 2sin2 200 HM = . 
 
Fig 6.4: Microscopic profiles of (a) axial plastic strain pεˆ  and (b) normalized 
axial stress 0/ˆ piσ  for interfaces with microhard assumption and lH 15= .  
The microhard assumption is perhaps a more interesting problem. Here, the foil 
consists of layers where dislocation movement is totally impeded at the interfaces. 
Apart from the two length scale parameters l and H influencing the material 
response as shown in the microfree assumption, the characteristic microstructure 
size L now also enters into the formulation. For simplicity, we assume here that the 
foil consists of an even number of layers, i.e., equal number of layers above and 
below the neutral axis. The problem is thus anti-symmetrical with respect to the 
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neutral axis and we can consider only the top half of the foil. Utilizing Eqs (6.39) 
and (6.40), the profiles of pεˆ  and σˆ  are plotted in Fig 6.4 for lH 15= , where it is 
clearly demonstrated that the material response is dependent on the grain size as 
well.  
We will discuss in greater detail the interplay between the three length scale 
parameters for the bending problem in Sections 6.8.4 and 6.8.5. The main objective 
here is to illustrate that when adopting a crystal plasticity model for a generic 
problem, the detailed material response has to be computed at the microstructural 
level, e.g. see Fig 6.4. For a generic engineering problem, it is thus conceivable 
that computational costs become unacceptably high when the specimen is much 
larger than the microstructure size. Gradient continuum models incorporating a 
single collective length scale parameter can account for the microscopic response 
in an average sense. In spite of this efficiency (microstructure discretisation is not 
required), these gradient models cannot distinguish distinct (micro) contributions 
from the intrinsic length scale or the microstructure size. As a first step towards an 
efficient macroscopic continuum model that remedies this shortcoming, a 
homogenization theory for the bending problem, capable of capturing the interplay 
between the different length scale parameters, is proposed in subsequent sections.  
6.5 Decomposition of (micro) strains in bending 
A decomposition of the (micro) kinematic fields into large-scale and fine-scale 
fluctuations is presented here for a unit layer centered at x with micro-coordinate y. 
For clarity of presentation, the kinematic fields are written together with their 
arguments in this section. 
It is observed in Eq (6.17) that the (micro) axial strain εˆ  varies linearly within a 
layer, which can be written as 
Lyxyxyx x ≤+=+ ,)()()(ˆ ,εεε  (6.41) 
where xκε = .  
Note that )(xε  is the homogenized (macro) axial strain of the unit layer, i.e.,  






1)( .  
We introduce here a slowly varying plastic field )(~ yxp +ε  which can be linearized 




εεε  (6.43) 
where it is assumed that the higher order terms in the Taylor expansion are 
negligible.  
A fluctuation field )(ˆ yxw +  is also introduced with the following requirement  
0)(ˆ =± Lxw  (6.44) 
i.e. it is a bubble field vanishing at the layer interfaces. 




εεε  (6.45) 













































where ( ) ( )
Lya −=
=)(  and ( ) ( ) Lyb ==)( . 
Rearranging the terms in Eq (6.46), we obtain 
[ ]























A physical interpretation of the slow varying field )(~ xpε  is thus provided in Eq 
(6.47) as the average axial plastic strain at the interfaces, whereas its (macro) 
gradient ( )xpx,~ε  is the linear difference of the interfacial plastic strain – through 
assumption in Eq (6.43). The fluctuation within a unit layer is characterized by the 
bubble field )(ˆ yxw + . This decomposition of pεˆ  in Eq (6.45) is shown 
schematically in Fig 6.5.  
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Fig 6.5: Decomposition of the fluctuating micro plastic strain field into its 
slow varying part and the micro fluctuation field 
Since pe εεε ˆˆˆ +=  varies linearly in a cell (kinematic constraint), the nonlinear 





εεε  (6.48) 
where )(~ xeε  is the average axial elastic strain at the interfaces. 
Substituting Eqs (6.45) and (6.48) into pe εεε ˆˆˆ +=  and comparing with (6.41), we 
obtain 
xxxx pe κεεε =+= )(~)(~)(  (6.49) 
In a standard homogenization scheme, the kinematic fields at a (macro) point 
characterize the average values of the corresponding (micro) quantities within a 
unit cell centered at the same (macro) point. Thus, the macro kinematic variables 












Note that the macro kinematic variables here are in general, not equal to the 
average interfacial fields, i.e., )(~)( xx ee εε ≠ , )(~)( xx pp εε ≠ .  
From Eq (6.50), an average measure of the micro scale fluctuations due to the 
interfaces is given by 
)(~)()()(~)(ˆ xxxxyxw ppee εεεε −=−=+  (6.51) 
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For weak interfaces, we thus expect that )()(~ xx ee εε ≈  and )(~)( xx pp εε ≈ . 
Moreover, pe εεε ˆˆˆ +=  implies that 
xxxyxx pe κεεεε =+=+= )()()(ˆ)(  (6.52) 
A standard (macro) continuum model characterizes the elastic and plastic micro 
processes with the (macro) fields )(xeε  and )(xpε  only. The resultant solution 
thus cannot distinguish between the different micro deformation states which give 
rise to the same average (macro) values. This limitation is resolved here with the 
introduction of the average interfacial fields )(~ xeε  and )(~ xpε , which enables the 
model to characterize the average micro fluctuation with Eq (6.51), i.e. the (macro) 
solution is able to differentiate between the various micro processes.  
In the subsequent sections, kinematic fields ε , eε , pε , eε~ and pε~ are understood 
as macroscopic variables and the argument (x) is dropped. The microscopic 
fluctuation function wˆ  is also written without its argument )( yx + . 
6.6 Homogenization theory 
We have earlier defined the region bounded by two consecutive interfaces as a unit 
layer. It is further assumed here that only the side of an interface facing the unit 
layer contributes to its power expenditure. Since the bending example is 
homogeneous in the 1x  direction, without any loss in generality, we consider a unit 
horizontal area such that dyVd ∫∫ = )(ˆ)( . Thus, Eq (6.25) is rewritten for a unit 
layer as 
{ } [ ])()()()(, ˆˆˆˆ2ˆˆsin2ˆˆ2ˆˆˆ bbaaye ssdyP γγγθγpiεσ &&&&& ++++= ∫ ξ  (6.53) 
In order to bridge the micro scale to a macro continuum in a thermodynamically 
consistent manner, we employ the Hill-Mandel condition where the macroscopic 
power density dP  is derived by homogenizing the power expenditure within a unit 
layer. From Eqs (6.16), (6.45), (6.46), (6.48) and (6.53), we thus have 
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( ) ( ) ( )





















































Consider first the terms involving w&ˆ  in Eq (6.54). Together with Eq (6.31a), we 
observe that 
( ) ( ) ( )





























because of the microforce balance (6.28) and the fact that 0ˆ =
±= Ly
w&  through Eq 
(6.44).  
The terms involving w&ˆ  in Eq (6.54) thus vanish because of Eq (6.55). Substituting 
Eq (6.49) into the resultant power density dP  and rearranging the terms  


















































The power density dP  is further simplified with Eq (6.31a) such that 
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Each (macro) point x represents the centre of a layer with height 2L. Assume 
LH >>  such that the total power expenditure of the foil is obtained by integrating 
dP  in x  
{ }dxdxPP pxpxd ∫∫ +++== ,, ~~ εξεpiεβεσ &&&&  (6.58) 
with the homogenized stresses representing 
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σσ ˆ=  























ab ssy ξθτpiθξ  
(6.59) 
Continuing from Eq (6.58) 
( ) ( ){ } { }




























where iA  is a surface perpendicular to ix  with 1±=in  as its outward direction. 
The last term in Eq (6.60) can be further simplified into 
( ) ( )
[ ] ( )




























 (6.61)  
where )max( 1x , )min( 1x  are the maximum and minimum 1x  coordinates of the 
layer respectively. Note that 01, =β  because the stress quantities are uniform in 1x . 
The macro equilibrium condition is given as 
( ) 0
1,,
=− xβσ  (6.62)  
which is trivially satisfied (micro stress quantities σˆ  and yσˆ  vary only in the 
vertical direction). 
A homogenized microforce balance is also obtained as 
x,ξpi =  (6.63) 
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The traction acting on surface 1A  is given by ( ) 1, nxβσ −  while the higher order 
traction 2nξ  is imposed on surface 2A . Additionally, the higher order traction 
2nβ  acts on the four edges of the layer which are parallel to 3x .  
By substituting the assumed decompositions in Eqs (6.45) and (6.48) into the 
microscopic power expenditure, we have derived the homogenized power in terms 
of macro kinematic fields. This allows us to obtain the governing equations and 
boundary conditions at the macroscopic level from Eq (6.60). Since the 
conventional macro equilibrium condition is trivially satisfied, the homogenized 
microforce balance (6.63) is the only (1D) governing equation for the problem. We 
next derive the (macro) constitutive relations for the homogenized stresses to solve 
for Eq (6.63) by averaging the free energy and dissipation rate in a similar fashion. 
The (micro) free energy in a unit layer is given in Eq (6.30). In this section, the slip 
gradient in Eq (6.30) is written with respect to the micro coordinate y. The macro 
free energy is obtained by substituting the assumed decompositions in Eqs (6.45) 
and (6.48) into (6.30) and computing its average value in a unit layer (see 
Appendix) such that 

































































In Eq (6.64), both elastic and plastic deformations have the same average (micro) 
fluctuation wˆ  which is expressed in terms of the plastic kinematic fields 
( )pp εε ~− . The introduction of the average interfacial kinematic fields ( )pe εε ~,~  
thus allows us to capture the (average) fluctuation within a unit layer at the macro 
level. Moreover, the gradients of these fields ( )pxex ,, ~,~ εε  in the free energy reflect 
the heterogeneous deformation of adjacent interfaces. Classical models with only 
standard kinematic fields are not able to capture these (micro) processes. Plasticity 
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models incorporating the gradient of plastic strain ( )px,ε  into the free energy capture 
the (micro) heterogeneities collectively and are unable to distinguish between the 
different contributions as in Eq (6.64).   
Since the exact fluctuation profile wˆ  is not known in general, we approximate it 












−= y,1ˆ *  (6.66) 
where m is an even integer. For a single slip system subjected to uniform shear, the 
exact wˆ  is a quadratic function, i.e., 2=m  (c.f. Chapter 5). 
Note that the amplitude of *wˆ  is arbitrary, i.e., only the normalized fluctuation 
function is required in Eq (6.65) for the computation of variable a. The choice in 

















We observe from Eq (6.59) that σ  and β  are homogenized variables involving 
only the micro elastic stress σˆ  and are thus purely energetic. In contrast, pi  and ξ  
have energetic as well as dissipative contributions since they describe the 
homogenized energetic micro stresses (τˆ  and/or ξˆ ) as well as the dissipative intra-
granular and surface resistances ( )ba ss ˆ,ˆ,pi . Variables involving wˆ  in Eq (6.64) 
are simplified through the assumed profile *wˆ  and are treated as constants. The 
macro constitutive relations are thus derived with the standard Coleman-Noll 









































where E)(  is the energetic component of ( ).  
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εβ =  (6.69) 
We also define the following thermodynamic force 




=  (6.70) 
The macro dissipation is thus 

































































































where D)(  is the dissipative component of ( ).  
The micro dissipation of a unit layer comes from the intra-granular material as well 
as the interfaces. To complete the homogenization theory, we equate the macro 






ˆ +=  (6.72) 
In the bending problem, kinematics dictates that the plastic strain vanishes at the 
neutral axis. The unit layer with the neutral axis in its interior will thus experience 
a change in sign of pεˆ . Since the sign change is only experienced by this particular 
unit layer out of the entire foil, we assume in this chapter that ( )pε&ˆsgn  is constant 
within a unit layer in the entire domain. With this simplification, we have 
ppp εεε &&& == ˆˆ  
( ) ( ))()( ˆsgnˆsgn ba γγ && =  
(6.73) 
                                                
 
4
 Alternatively, the same relations can be derived by considering the difference between (6.59) and 
(6.68). 
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Substituting Eqs (6.16), (6.32) and (6.73a) into (6.72) gives 
( ) ( )[ ]pxabpbap LssssLD ,)()()()(0 ~ˆˆ~ˆˆ2sin12sin2 εεθεθpi &&& −+++=  (6.74) 
where ( ) )()()( ˆˆsgnˆ iii ps γµ &= .  
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where (6.73b) is utilized in Dpi  and Dξ . The macro yield condition is obtained in 
Eq (6.75a).  
It is easily observed from Eq (6.70) that χ  is a stress quantity characterizing both 
the elastic and plastic micro fluctuations in a unit layer, which induces additional 
hardening at the macro level in the form of a backstress in Eq (6.75a).   
6.7 Homogenized solution in plane strain bending  
The homogenized solution is presented in this section. We restrict the analysis to 
the upper half of the foil ( )Hx ≤≤0  by taking into account the anti-symmetric 
deformation. Similar to Eq (6.73), we assume that ( )pε&ˆsgn  is constant in a unit 
layer. In forward bending, we have 















Substituting Eqs (6.46), (6.68), (6.75) and (6.76) into the homogenized microforce 
balance (6.63) gives 























+=+−  (6.77) 
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The assumption in Eq (6.69), together with the kinematic relation (6.49), further 










































1  (6.78) 
Note that Eq (6.78) has a similar form as the implicit gradient equation that is 
typically used to regularize localization issues in softening models (e.g. Peerlings 
et al., 1996) and which has also been formulated in a tensorial form to capture size 
effects in hardening (c.f. Chapter 4). It is highlighted here that the length scale 
parameter associated with the gradient term in Eq (6.78) is decomposed 
distinctively into different microstructural influences, in contrast with a length 
scale parameter introduced phenomenologically as a collective measure of the 
incompatible plastic deformation (e.g. Forest, 2009; Gudmundson, 2004; Chapter 
4). Moreover, based on the proposed homogenization theory, we now have a clear 
physical interpretation of the kinematic field pε~  that is associated with the implicit 
gradient equation as the average plastic slip across grain boundaries. 







−+=  (6.79) 
where ( ) 1sgn =pε&  in forward bending. 
The constitutive relation for the homogenized axial stress is obtained from Eqs 
(6.52) and (6.68a) as 
( )pxG εκσ −= 4  (6.80) 

















=  (6.81) 














































The average interfacial plastic strain vanishes at the neutral axis due to the anti-
symmetric deformation. Furthermore, we assume that the higher order traction 
constraining the average interfacial plastic strain vanishes at the external surface. 








p εε  (6.84) 






















































~ 0 xAGAp  
 (6.85) 
Once we have solved for pε~ , the homogenized plastic strain and elastic stress 
profiles can be obtained from Eqs (6.81) and (6.80) respectively. 
6.8 Results and discussions 
The homogenized solutions are analyzed and discussed in this section. Parameters 
θ , G and κ  take the values given in Section 6.4.3. 
6.8.1 Microfree 
We first reconsider the limit case where there is no interfacial resistance. The 
homogenized profiles are obtained from Section 6.7 by substituting 0=µ . Note 
that in this case, the homogenized microforce balance (6.78) recovers the exact 
form of the implicit gradient equation. At first glance, it seems counter intuitive to 
adopt a homogenization theory for the microfree assumption where the entire foil 
is a single layer. However, it makes sense if parameter 2L is understood as the 
height within which the homogenization procedure is carried out. In the absence of 
physical internal layers, we expect the homogenized response to approach the 
exact solution when LH >> , since the average value of a thin segment of any 
profile will be close to the exact value. In the same connection, the macro 
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boundary conditions in Eq (6.84) approximate closely the micro boundary 
conditions in (6.34) when L is small. Here, we illustrate the close match between 
the homogenized stress σ  and the micro elastic stress σˆ  in Fig 6.6 where 
LH 200= . 
 
Fig 6.6: Comparison of stress profiles for the microfree assumption when (a) 
H =5l =200L and (b) H =500l =200L. 
No constraint is imposed on the plastic strain at the external surfaces, which 
implies that the higher order traction 2nξ  should vanish at these locations. This 
requirement induces a size dependent homogenized response. In Fig 6.6a, the 
elastic stress is significantly larger than the axial yield stress θpi 2sin2 0  except 
when near to the neutral axis. When H/l is large, the influence of the intrinsic 
length scale becomes negligible. Since 0pi>>G , the plastic strain 
pε  tends 
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towards the total strain ε  (quasi rigid–plastic analysis), except near to the external 
surfaces because of the vanishing higher order traction. This results in an elastic 
stress which is equal to the axial yield stress, except for a thin boundary layer at the 
top as depicted in Fig 6.6b.  If the bending moment is computed, the sharp peak in 
the elastic stress at the boundary is negligible and we recovered the classical 
solution when lH >> . Thus, similar to the micro-analysis, size effects are 
captured in the homogenized model by the ratio between the intrinsic length scale 
parameter l and a geometrical dimension characterizing the unit layer (in this case 
H) as depicted in Fig 6.3. 
6.8.2 Microhard assumption - ideal microstructure 
Next, we consider another limiting case where the interfacial resistance is so high 
that the plastic strain is fully constrained at the layer boundaries. Since lG>>µ , 
0~ →A  in Eq (6.83a). From Eq (6.85), it implies that 0~ →pε , which is in full 
agreement with the physical interpretation of pε~  in Eq (6.47). The homogenized 
plastic strain can then be obtained from Eq (6.81). 
For comparison purposes, we also compute the solution obtained from the micro-
analysis in Section 6.4.2. For simplicity, we assume an ideal microstructure 
arrangement where the entire foil is made up of an even number of stacked unit 
layers, see Fig 6.7a. In this case, the neutral axis in the micro-analysis is located at 
0=x . Due to the anti-symmetric deformation, we plot the microscopic plastic 
strain obtained in Eq (6.39) together with the homogenized solution in (6.81) only 
for the upper half of the foil ( )Hx ≤≤0 , which consists here of five unit layers, 
i.e., LH 10= . An excellent fit between the macro and the average micro plastic 
strain is observed in Fig 6.8 for lL 5.1=  and 2=m , which can be attributed to the 
fact that the actual fluctuation profile obtained from the micro-analysis resembles a 
quadratic function.  
For the same H value, it is easily observed in Fig 6.9 that 2=m  is inadequate 
when lL 15= . In this case, the actual fluctuation deviates significantly from a 
quadratic profile and a value of 10=m  is necessary for the homogenized solution 
to describe the average micro plastic strain correctly. This is because the high 
exponent value induces a steep slope in the polynomial function (6.66) at the 
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interfaces of a unit layer, which is a better characterization of the actual fluctuation 
profile in this case.  
 
Fig 6.7: The ideal microstructure in (a) with unit layers stacking atop one 
another in the entire foil. Microstructure I in (b) shows a phase shift of η  with 
boundary layers thinner than 2L. Microstructure II in (c) shows the same phase 
shift η  but with boundary layers thicker than 2L. 
 
Note that we have specifically chosen a low H/L ratio here. Yet, even in the 
absence of a clear separation of scales, there is a close match between the averaged 




Fig 6.8: Plastic strain profiles (microhard assumption) for lLH 1510 == . 
 
Fig 6.9: Plastic strain profiles (microhard assumption) for lLH 15010 == . 
6.8.3 Microhard assumption - phase shift of microstructure 
In general, the actual microstructure layout can have a phase shift of L20 <≤ η  
compared to the ideal arrangement as assumed in Section 6.8.2. For a given phase 
shift, the top and bottom boundary layers can be thinner than the standard 
thickness of 2L as depicted in Fig 6.7b (which we term as microstructure I). It is 
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also plausible that for the same phase shift, both boundary layers are thicker than 
2L as depicted in Fig 6.7c )0( ≠η  and which we term as microstructure II. In both 
cases, the micro analysis is no longer anti-symmetrical about 0=x . The 
homogenized model, on the other hand, does not consider the actual microstructure 
phase. At the macro level, the deformation is anti-symmetrical about 0=x  and the 
macro plastic strain is obtained in Eq (6.81) with 0~ →pε . Here, it is implicitly 
assumed that the homogenized (macro) model is a good representation for all 
possible microstructure phases, an assumption which we will discuss in this section.  
When the microstructure arrangement is not symmetrical about 0=x , it is 
somewhat tedious to solve the problem in closed-form using a micro-analysis. In 
pure bending, the total tensile and compressive forces balance one another. Since 
the (micro) elastic stress profile is given in Eq (6.40), we iterate numerically for 
the position *x  where the axial strain vanishes5. The micro plastic strain profile in 
this case is then obtained by substituting x  with *xx −  in Eq (6.37). Results are 
depicted in Fig 6.10 for the two microstructures with lLH 1510 == when 
subjected to a phase shift of L5.1=η .  
Next, we compute the average micro plastic strain pεˆ  in the two microstructure 
arrangements with L5.0=η  and L5.1=η  as possible phase shifts in the upward 
and downward directions. It is also observed in Fig 6.8 and Fig 6.10 that the micro 
fluctuations resemble a quadratic profile for lL 5.1= . Thus, the value 2=m  is 
utilized in Eq (6.67) for the macro plastic strain pε  here. Fig 6.11 illustrates the 
close match between the homogenized solution and the range of microscopic 
responses considered here. Significant deviations from the homogenized solution 
are confined only to the two boundary layers. In reality, we do not know the actual 
microstructure arrangement in the foil and the homogenized solution can be 
understood as an average response of all possible microstructure phases. 
                                                
 
5
 Note that the topmost and bottom-most boundary layers have different values of L in Eq (6.39).  
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Fig 6.10: Plastic strain in (a) microstructure I and (b) microstructure II for 
lLH 1510 ==  and L5.1=η . 
 
We also highlight here that the excellent result predicted by the homogenized 
model is obtained for a low ratio LH /  ratio. If this ratio is large, i.e., LH >> , the 
errors in the homogenized solution for any microstructure arrangement become 
negligible since they are significant only at the boundary layers and we recover 
almost the exact averaged (micro) solution. 
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Fig 6.11: Comparison of macro plastic strain pε  with the average micro 
plastic strain pεˆ . Solid points are obtained from L5.1=η  while hollow 
points represent L5.0=η .  
 
Fig 6.12: Specimen size dependent behavior for different interfacial 
resistances where lL 5.1= . Solid points are obtained from micro-analyses. 
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6.8.4 Specimen size dependent behavior 
It was briefly commented in Section 6.4.3 that the material behavior is dependent 
on three length scale parameters l, L and H. In this section, we consider the 
intrinsic length scale l as a material constant and investigate the size effect 
amounting from the specimen height (2H) for a constant unit layer thickness of 
lL 32 = . A quadratic fluctuation field )2( =m  is assumed. For any interfacial 
resistance µ , the homogenized axial stress profile can be obtained from Eq (6.80) 
once pε~ and pε  are computed from (6.85) and (6.81) respectively. This allows us 
to compute the bending moment M required for a given curvature κ . The classical 
bending moment is earlier given in Section 6.4.3 as θpi 2sin2 200 HM = .  
The normalized bending moment predicted by the homogenized model for 
different foil thickness is shown in Fig 6.12. A high interfacial modulus of 
510×= Glµ  approximates the microhard assumption and the homogenized 
solution matched closely the micro analysis in Section 6.4.2. In bending, the total 
strain varies linearly with the distance from the neutral axis. As the foil height 
increases, the external layers are subjected to larger deformation, which requires 
more work to fully constrain the plastic strain at the interfaces. Thus, the 
normalized bending moment increases with foil height as depicted in Fig 6.12. 
Note that in this case, the normalized moment has high values because 0pi>>G  (as 
a comparison, the elastic bending moment 24 HGM e κ=  is seven orders of 
magnitude larger than 0M ). Moreover, we are considering here an idealized 
problem where the interfacial resistance remains infinitely high throughout the 
entire deformation process. In reality, interfaces are likely to soften once a certain 
threshold is reached.   
For the other limit case (microfree assumption), size effect is induced by the higher 
order traction-free boundary condition. As discussed in Section 6.4.3, this 
influence diminishes with the specimen height. Recall from Section 6.8.1 that a 
high H/L ratio is required for the homogenized model to provide good predictions 
in the microfree case. This explains the discrepancies with the micro-analysis in 
Fig 6.12 for 0=µ  at low H/l ratio (thus H/L ratio). Nevertheless, we can treat the 
homogenized results as upper bound solutions in this case. 
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The conflicting size effects for the two extreme cases depicted in Fig 6.12 illustrate 
the influence of the interfacial resistance. When 0=µ , GNDs are induced only 
near to the external surfaces of the foil due to the heterogeneous deformation in 
bending. This results in a “smaller is stronger” size effect. When µ  is infinitely 
large, the layer interfaces become impenetrable to dislocations and GNDs are 
generated near to these interfaces. Since the number of interfaces increases with 
the H/L ratio in this example, an inverse size effect is predicted, i.e., “smaller is 
softer”. The size dependent behavior for other values of µ is also presented in Fig 
6.12. A weak interfacial modulus of 310−×= Glµ  has a negligible influence and 
the material response is comparable to the microfree assumption, except when the 
number of interfaces (or H/L) is large enough to induce a slight inverse size effect. 
At 210−×= Glµ , the material response displays both of the competing size effects. 
At low H/L ratio (number of interfaces), the size effect is primarily induced by the 
heterogeneous deformation of the foil, hence the smaller is stronger phenomenon. 
As the number of interfaces increases (with H/L), beyond a certain threshold, the 
collective influence of the interfacial resistance prevails and the inverse size effect 
phenomenon is observed. When the interfacial modulus is high enough, for 
example at 110−×= Glµ , the interfacial influence dominates the material response 
and the prediction trend follows that of the microhard assumption.    
6.8.5 Microstructure size dependent behavior 
Here, we study the size effect related to the microstructure size L for a foil with 
height lH 1202 = . Again, we assume a quadratic fluctuation field )2( =m . The 
homogenized solutions are plotted in Fig 6.13. In the microhard limit, there are 
some discrepancies with those from micro-analyses when the L/l ratio is large 
because of an inaccurate assumption of the fluctuation profile (see Section 6.8.2). 
For a given foil height, a thinner unit layer (2L) indicates the presence of more 
internal interfaces constraining the plastic strain. This results in an increased 
strengthening effect of smaller unit layers, as depicted in Fig 6.13. Also, note the 
influence of the interfaces in Fig 6.13, where a higher µ  value leads to a larger 
normalized bending moment.  
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Fig 6.13: Microstructure size dependent behavior for a foil of height 2H=120l. 
Solid points are obtained from micro-analyses. 
6.9 Conclusion 
Size dependent behavior observed in metals is induced by the presence of GNDs 
due to incompatible plastic deformation. One source of such incompatibilities is 
due to the heterogeneous deformation of the specimen, for example in bending or 
in torsion. Overall, GNDs are then induced to satisfy the geometrical compatibility 
requirements of the specimen. The material thus exhibits a specimen size 
dependent behavior. In situations when the specimen is loaded uniformly, a 
different size dependent behavior, commonly known as the Hall-Petch effect, is 
observed, where the material response is dependent on the grain size. Here, the 
incompatible plastic deformation originates from compatibility requirements at the 
interface between neighboring grains. Classical models are not able to capture 
either of these size effect phenomena. Higher order models incorporating gradients 
of plastic strain as a measure of the GNDs are able to predict the size dependent 
behavior quantitatively. In these models, a length scale parameter is introduced for 
dimensional consistency. 
Some gradient models identify the length scale parameter over a range of 
experimental data as a collective measure of the incompatible plastic deformation. 
One disadvantage in this approach is that the model is not able to distinguish 
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between the two different types of size effect. Moreover, when the specimen is 
loaded uniformly, the gradient model cannot capture the Hall-Petch phenomenon. 
Another approach is to adopt the gradient model at the sub-granular level. Here, 
the interfacial behavior is modeled with higher order boundary conditions and the 
length scale parameter is treated as a material constant. Both types of size effect 
can then be studied by changing the grain size and/or the domain (specimen) size. 
The disadvantage of this approach is the high computational cost, especially for 
large problems. 
In this chapter, we introduce additional (macro) kinematic fields that characterize 
the average interfacial elastic and plastic strains. This allows the (macro) model to 
capture the micro fluctuations in an average sense. As a step towards a more 
efficient continuum model, a homogenization theory is proposed such that the 
crystal plasticity model by Cermelli and Gurtin (2002) is upscaled from the micro 
to the marco continuum level in a thermodynamically consistent manner. For this 
purpose, an idealized problem was considered, where a foil layered in the vertical 
direction is subjected to plane strain bending. Assuming symmetric double slip, the 
problem reduces to 1D and closed-form solutions have been obtained. It is shown 
in this chapter that the homogenized microforce has the same form as the implicit 
gradient equation generally used to resolve mesh dependency issues during 
softening. For the two extreme cases (microfree and microhard assumptions), the 
homogenized solutions compare well with the micro-analyses. Moreover, the 
intrinsic length scale and the size of the unit cell manifest themselves in the 
homogenized solution. Thus, the homogenized model is able to distinguish 
between the two types of size effect by changing the size of the domain (specimen) 
or the size of a unit layer. Since the final homogenized formulation applies to the 
macro continuum scale, detailed information within a grain is no longer required 
and the problem is solved in an efficient manner. 
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Appendix 
The derivation for the homogenized free energy is presented here. Substituting 
θεγ 2sinˆˆ p=  and the assumed decompositions in Eqs (6.45) and (6.48) into (6.30), 
the (micro) free energy is given as 







































The homogenized free energy at a (macro) point is the average (micro) value 
within a layer such that 
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where Eq (6.51) and 
3
2
2 Ly =  are utilized to simplify the expression. The 
expression for variable a  is given in Eq (6.65). Note that the (micro) fluctuation 




 7 Conclusion 
This thesis addressed two limitations of classical continuum models: pathological 
localization during softening and the failure to capture any size dependent behavior 
during hardening.  
The first class of limitations is illustrated in Chapter 2 with a linear softening von 
Mises model, where numerical solutions tend towards a perfectly brittle response 
in the limit of an infinitesimal element size. A common regularization technique is 
to adopt the implicit gradient enhancement, generally understood as an averaging 
operation on the rapidly fluctuating field. The enhanced model is thus nonlocal 
since the material response at a point depends on the interaction with its 
neighboring points. However, it was demonstrated in Chapter 2 that the implicit 
gradient enhancement can fail to fully regularize the softening behavior – whereas 
the structural response converges upon mesh refinement, a discontinuous strain 
profile is observed. The “over-nonlocal” enhancement that was originally proposed 
for the nonlocal integral formulation is adapted here for the implicit gradient 
formulation. It is shown that full regularization is achieved when the weight for the 
nonlocal value is set larger than unity. For material models which are only partially 
regularized with a standard implicit gradient enhancement, the over-nonlocal 
approach seems to be a viable alternative. 
One large class of softening models is that of cohesive frictional materials such as 
concrete and consolidated soils. The development of robust models capable of 
predicting accurate results is difficult because of the strain path sensitivities of 
these materials. Yet several models providing reasonable predictions are not fully 
regularized with the standard nonlocal enhancement during softening. This 
limitation is demonstrated in Chapter 3 for a sophisticated plasticity-damage model 
for concrete. Since it is difficult to re-develop such material models to overcome 
the partial regularization limitation, a simpler treatment is desirable. The over-
nonlocal gradient enhancement is adopted in Chapter 3, which is able to induce full 
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regularization during softening. A drawback of this formulation is that it introduces 
an additional parameter, i.e., the weight factor, into the model. Nevertheless, the 
observations in Chapter 3 corroborate the assertion in Chapter 2 that when the 
standard implicit enhancement fails to fully regularize a model during softening, 
the over-nonlocal approach may be a feasible alternative – even in the case of a 
sophisticated material model.  
The second part of the thesis focuses on another class of limitations in classical 
models – the failure to predict size effects in hardening. One approach to resolve 
this issue is to incorporate the (explicit) gradient of the (scalar) effective plastic 
strain as a measure of the incompatible plastic deformation. However, for a rate-
independent model, the explicit gradient enhancement is difficult to implement 
numerically. Drawing inspiration from the treatment of softening models, a scalar 
implicit gradient formulation capable of predicting size effects was developed by 
Peerlings (2007), which has only C0 continuity requirements – a clear numerical 
advantage over the explicit gradient framework. However, both the implicit and 
explicit scalar gradient formulations are problematic when the principal plastic 
strains change sign, as demonstrated with a bending example in Chapter 4. The 
tensorial implicit gradient model proposed in Chapter 4 takes into account the 
directional influence, thus avoiding the non-physical response that is sometimes 
observed in a scalar gradient model. In cases where the effective plastic strain has a 
smooth profile, both the tensorial and scalar implicit gradient models predict 
similar results. The numerical attractiveness of the implicit gradient formulation is 
retained in the tensorial gradient model, though the computational cost is higher 
compared to the scalar gradient counterpart. 
Many gradient formulations, including that in Chapter 4, account for the size effect 
in a phenomenological manner. Microstructural characteristics such as grain size 
and interfacial resistance are smeared throughout the domain. As a consequence, 
the length scale parameter associated with the gradient term is a collective measure 
of the material’s intrinsic length scale and its grain size. These models are unable 
to distinguish between the two different types of size effects commonly reported in 
literature – the “smaller is stronger” phenomenon when a specimen is deformed 
heterogeneously, as well as the Hall-Petch effect (i.e. an intrinsic size effect) where 
the yield stress follows an inverse power law relationship with the grain size in a 
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homogeneous (macro) deformation. This limitation can be resolved by adopting 
higher-order plasticity models and discretizing the problem at a sub-granular level 
so that the interfacial response is captured in the solution. However, it is 
computationally expensive to solve a typical engineering problem in such a 
detailed manner. This provides the motivation for the next two chapters, which aim 
to develop a more efficient approach. We first restrict our attention on the intrinsic 
size effect by considering a material with only one slip system subjected to 
uniform (macro) shear in Chapter 5. Here, a homogenization theory is proposed 
such that the adopted (micro) crystal plasticity framework by Cermelli and Gurtin 
(2002) translates into the macro scale in a thermodynamically consistent manner. 
An additional kinematic variable is introduced in our formulation to characterize 
the average interfacial plastic slip. This allows us to incorporate the interfacial 
influence (and fluctuations of the plastic slip due to it) in an average sense at the 
macro scale. The intrinsic length scale parameter, the average grain size and the 
interfacial resistance manifest themselves in the homogenized (macro) solution, 
thus capturing the different microstructural influences distinctively without the 
need for a fine-scale discretisation.  
The homogenization theory is further extended in Chapter 6, by considering a 
plane strain bending problem, where a macroscopic gradient is involved in addition 
to the microscopic gradients induced by the interfacial resistance. Both types of 
size effects are thus present in this example. Assuming symmetric double slip, the 
problem reduces to a one-dimensional problem and can be solved analytically. 
Kinematic variables characterizing the average interfacial elastic and plastic strains 
are introduced, which enable us to incorporate the average micro-fluctuations in 
the (macro) solution. It is shown that the homogenized microforce balance has a 
similar form as the implicit gradient equation that was utilized in Chapters 2, 3 and 
4. Here, the length scale parameter associated with the gradient term distinctively 
reveals different microstructural influences, in contrast with a single, collective 
length scale parameter in other gradient models. Since the homogenized problem is 
solved at the macro scale, detailed information at the sub-granular level is not 
required. For the two limit cases (microfree and microhard conditions), the 
homogenized solutions match closely with the micro-analyses. The competition 
between the two types of size effect – induced by the heterogeneous (maro) 
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deformation and the interfacial resistance respectively – is demonstrated in Chapter 
6. When the interfaces are weak, a “smaller is stronger” phenomenon is predicted. 
In the limit where they are infinitely strong, an inverse size effect is obtained for 
this idealized problem, i.e., “smaller is softer”. 
Evidently, there is still room for further analyses and improvements. In the first 
part of the thesis, the over-nonlocal enhancement is mainly a numerical treatment 
which (currently) lacks a physical argument. In the latter part of the thesis, the 
novel homogenization theory is constructed based on an idealized problem – it has 
yet to be generalized. Notwithstanding these critical comments, the objectives as 
outlined in the introduction are largely achieved. We further note that gradient 
models formulated with the intent to resolve a particular limitation of classical 
models can be inadequate when the other limitation shows up in the problem 
(Engelen et al., 2006). In this thesis, we have addressed the two limitations of 
classical models separately with the implicit gradient formulation. This puts us in a 
position to formulate a unified gradient model which is able to capture both size 
effects and a regularized softening response1.   
 
                                                
 
1
 Briefly discussed in: Peerlings, R. H. J., Poh, L. H., Geers, M. G. D., submitted. An implicit 




Abu Al-Rub, R. K., 2008. Interfacial gradient plasticity governs scale-dependent 
yield strength and strain hardening rates in micro/nano structured metals. 
Int. J. Plast. 24, 1277-1306. 
Abu Al-Rub, R. K., Voyiadjis, G. Z., 2009. Gradient-enhanced Coupled Plasticity-
anisotropic Damage Model for Concrete Fracture: Computational Aspects 
and Applications. Int. J. Damage Mech. 18, 115-154. 
Acharya, A., Tang, H., Saigal, S., L. Bassani, J., 2004. On boundary conditions and 
plastic strain-gradient discontinuity in lower-order gradient plasticity. J. 
Mech. Phys. Solids 52, 1793-1826. 
Addessi, D., Marfia, S., Sacco, E., 2002. A plastic nonlocal damage model. 
Comput. Methods Appl. Mech. Eng. 191, 1291-1310. 
Aifantis, E. C., 1984. On the microstructural origin of certain inelastic models. J. 
Eng. Mater. Technol. 106, 326-330. 
Aifantis, K. E., Soer, W. A., De Hosson, J. T. M., Willis, J. R., 2006. Interfaces 
within strain gradient plasticity: Theory and experiments. Acta. Mater. 54, 
5077-5085. 
Ashby, M. F., 1970. The deformation of plastically non-homogeneous materials. 
Philos. Mag. 21, 399 - 424. 
Bassani, J. L., 2001. Incompatibility and a simple gradient theory of plasticity. J. 
Mech. Phys. Solids 49, 1983-1996. 
Bazant, Z. P., Belytschko, T. B., Chang, T. P., 1984. Continuum Theory for Strain-
Softening. J. Eng. Mech. 110, 1666-1692. 
Bazant, Z. P., Jirasek, M., 2002. Nonlocal Integral Formulations of Plasticity and 
Damage: Survey of Progress. J. Eng. Mech. 128, 1119-1149. 
Bazant, Z. P., Oh, B. H., 1983. Crack band theory for fracture of concrete. Mater. 
Struct. 16, 155-176. 
Bazant, Z. P., Pijaudier-Cabot, G., 1989. Measurement of characteristic length of 
nonlocal continuum. J. Eng. Mech. 115, 755-767. 
Bittencourt, E., Needleman, A., Gurtin, M. E., Van der Giessen, E., 2003. A 
comparison of nonlocal continuum and discrete dislocation plasticity 
predictions. J. Mech. Phys. Solids 51, 281-310. 
150 
Cermelli, P., Gurtin, M. E., 2002. Geometrically necessary dislocations in 
viscoplastic single crystals and bicrystals undergoing small deformations. 
Int. J. Solids Struct. 39, 6281-6309. 
Chaboche, J. L., Lesne, P. M., Maire, J. F., 1995. Continuum Damage Mechanics, 
Anisotropy and Damage Deactivation for Brittle Materials Like Concrete 
and Ceramic Composites. Int. J. Damage Mech. 4, 5-22. 
Cicekli, U., Voyiadjis, G. Z., Abu Al-Rub, R. K., 2007. A plasticity and 
anisotropic damage model for plain concrete. Int. J. Plast. 23, 1874-1900. 
Counts, W. A., Braginsky, M. V., Battaile, C. C., Holm, E. A., 2008. Predicting the 
Hall-Petch effect in fcc metals using non-local crystal plasticity. Int. J. Plast. 
24, 1243-1263. 
de Borst, R., Pamin, J., 1996. Some novel developments in finite element 
procedures for gradient-dependent plasticity. Int. J. Numer. Methods Eng. 
39, 2477-2505. 
de Borst, R., Pamin, J., Geers, M. G. D., 1999. On coupled gradient-dependent 
plasticity and damage theories with a view to localization analysis. Eur. J. 
Mech. A Solids 18, 939-962. 
Di Luzio, G., 2007. A symmetric over-nonlocal microplane model M4 for fracture 
in concrete. Int. J. Solids Struct. 44, 4418-4441. 
Di Luzio, G., Bazant, Z. P., 2005. Spectral analysis of localization in nonlocal and 
over-nonlocal materials with softening plasticity or damage. Int. J. Solids 
Struct. 42, 6071-6100. 
Engelen, R. A. B., Fleck, N. A., Peerlings, R. H. J., Geers, M. G. D., 2006. An 
evaluation of higher-order plasticity theories for predicting size effects and 
localisation. Int. J. Solids Struct. 43, 1857-1877. 
Engelen, R. A. B., Geers, M. G. D., Baaijens, F. P. T., 2003. Nonlocal implicit 
gradient-enhanced elasto-plasticity for the modelling of softening 
behaviour. Int. J. Plast. 19, 403-433. 
Evers, L. P., Brekelmans, W. A. M., Geers, M. G. D., 2004. Scale dependent 
crystal plasticity framework with dislocation density and grain boundary 
effects. Int. J. Solids Struct. 41, 5209-5230. 
Fernandes, J. V., Vieira, M. F., 2000. Further development of the hybrid model for 
polycrystal deformation. Acta. Mater. 48, 1919-1930. 
Fleck, N. A., Hutchinson, J. W., 1997. Strain gradient plasticity. In: Hutchinson, J. 
W., and Wu, T. Y., (Eds.), Adv. Appl. Mech., vol. 33. Elsevier, pp. 295-
361. 
Fleck, N. A., Hutchinson, J. W., 2001. A reformulation of strain gradient plasticity. 
J. Mech. Phys. Solids 49, 2245-2271. 
Fleck, N. A., Muller, G. M., Ashby, M. F., Hutchinson, J. W., 1994. Strain gradient 
plasticity: Theory and experiment. Acta Metall. Mater. 42, 475-487. 
 151 
Forest, S., 2009. Micromorphic Approach for Gradient Elasticity, Viscoplasticity, 
and Damage. J. Eng. Mech. 135, 117-131. 
Forest, S., Sievert, R., 2003. Elastoviscoplastic constitutive frameworks for 
generalized continua. Acta Mech. 160, 71-111. 
Fredriksson, P., Gudmundson, P., 2005. Size-dependent yield strength of thin films. 
Int. J. Plast. 21, 1834-1854. 
Fredriksson, P., Gudmundson, P., 2007. Competition between interface and bulk 
dominated plastic deformation in strain gradient plasticity. Model. Simul. 
Mater. Sci. Eng. 15, S61-S69. 
Geers, M. G. D., 2004. Finite strain logarithmic hyperelasto-plasticity with 
softening: a strongly non-local implicit gradient framework. Comput. 
Methods Appl. Mech. Eng. 193, 3377-3401. 
Geers, M. G. D., de Borst, R., Peerlings, R. H. J., 2000. Damage and crack 
modeling in single-edge and double-edge notched concrete beams. Eng. 
Fract. Mech. 65, 247-261. 
Gopalaratnam, V. S., Shah, S. P., 1985. Softening response of plain concrete in 
direct tension. J. Am. Concr. Inst. 82, 310-323. 
Grassl, P., Jirásek, M., 2006a. Damage-plastic model for concrete failure. Int. J. 
Solids Struct. 43, 7166-7196. 
Grassl, P., Jirásek, M., 2006b. Plastic model with non-local damage applied to 
concrete. Int. J. Numer. Anal. Meth. Geomech. 30, 71-90. 
Gudmundson, P., 2004. A unified treatment of strain gradient plasticity. J. Mech. 
Phys. Solids 52, 1379-1406. 
Gurtin, M. E., 2000. On the plasticity of single crystals: free energy, microforces, 
plastic-strain gradients. J. Mech. Phys. Solids 48, 989-1036. 
Gurtin, M. E., 2002. A gradient theory of single-crystal viscoplasticity that 
accounts for geometrically necessary dislocations. J. Mech. Phys. Solids 50, 
5-32. 
Gurtin, M. E., Anand, L., 2009. Thermodynamics applied to gradient theories 
involving the accumulated plastic strain: The theories of Aifantis and Fleck 
and Hutchinson and their generalization. J. Mech. Phys. Solids 57, 405-421. 
Gurtin, M. E., Anand, L., Lele, S. P., 2007. Gradient single-crystal plasticity with 
free energy dependent on dislocation densities. J. Mech. Phys. Solids 55, 
1853-1878. 
Hill, R., 1962. Acceleration waves in solids. J. Mech. Phys. Solids 10, 1-16. 
Idiart, M. I., Deshpande, V. S., Fleck, N. A., Willis, J. R., 2009. Size effects in the 
bending of thin foils. Int. J. Eng. Sci. 47, 1251-1264. 
Janssen, P. J. M., de Keijser, T. H., Geers, M. G. D., 2006. An experimental 
assessment of grain size effects in the uniaxial straining of thin Al sheet 
with a few grains across the thickness. Mat. Sci. Eng. A 419, 238-248. 
152 
Jirásek, M., Grassl, P., 2004. Nonlocal plastic models for cohesive-frictional 
materials. In: Vermeer, P. A., Vermeer, W., and Ehlers, H. J., (Eds.), 
Continuous and Discontinuous Modeling of Cohesive-Frictional Materials. 
A.A. Balkema Publishers, pp. 323-327. 
Kupfer, H., Hilsdorf, H. K., Rusch, H., 1969. Behavior of concrete under biaxial 
stresses. J. Am. Concr. Inst. 66, 656-666. 
Lasry, D., Belytschko, T., 1988. Localization limiters in transient problems. Int. J. 
Solids Struct. 24, 581-597. 
Nguyen, G. D., Korsunsky, A. M., 2008. Development of an approach to 
constitutive modelling of concrete: Isotropic damage coupled with 
plasticity. Int. J. Solids Struct. 45, 5483-5501. 
Nicola, L., Van der Giessen, E., Gurtin, M. E., 2005. Effect of defect energy on 
strain-gradient predictions of confined single-crystal plasticity. J. Mech. 
Phys. Solids 53, 1280-1294. 
Niordson, C. F., Hutchinson, J. W., 2003a. Non-uniform plastic deformation of 
micron scale objects. Int. J. Numer. Methods Eng. 56, 961-975. 
Niordson, C. F., Hutchinson, J. W., 2003b. On lower order strain gradient plasticity 
theories. European Journal of Mechanics - A/Solids 22, 771-778. 
Nix, W. D., Gao, H., 1998. Indentation size effects in crystalline materials: A law 
for strain gradient plasticity. J. Mech. Phys. Solids 46, 411-425. 
Ohno, N., Okumura, D., 2007. Higher-order stress and grain size effects due to 
self-energy of geometrically necessary dislocations. J. Mech. Phys. Solids 
55, 1879-1898. 
Okumura, D., Higashi, Y., Sumida, K., Ohno, N., 2007. A homogenization theory 
of strain gradient single crystal plasticity and its finite element 
discretization. Int. J. Plast. 23, 1148-1166. 
Peerlings, R. H. J., 2007. On the role of moving elastic-plastic boundaries in strain 
gradient plasticity. Model. Simul. Mater. Sci. Eng. 15, 109-120. 
Peerlings, R. H. J., de Borst, R., Brekelmans, W. A. M., de Vree, J. H. P., 1996. 
Gradient enhanced damage for quasi-brittle materials. Int. J. Numer. 
Methods Eng. 39, 3391-3403. 
Peerlings, R. H. J., de Borst, R., Brekelmans, W. A. M., Geers, M. G. D., 1998. 
Gradient-enhanced damage modelling of concrete fracture. Mech. Cohes. 
Frict. Mater. 3, 323-342. 
Peerlings, R. H. J., Geers, M. G. D., de Borst, R., Brekelmans, W. A. M., 2001. A 
critical comparison of nonlocal and gradient-enhanced softening continua. 
Int. J. Solids Struct. 38, 7723-7746. 
Pijaudier-Cabot, G., Bazant, Z. P., 1987. Nonlocal Damage Theory. J. Eng. Mech. 
113, 1512-1533. 
 153 
Schlangen, E., 1993. Experimental and numerical analysis of fracture processes  in 
concrete, (Dissertation), Delft University of Technology. 
Simone, A., Askes, H., Peerlings, R. H. J., Sluys, L. J., 2003. Interpolation 
requirements for implicit gradient-enhanced continuum damage models. 
Commun. Numer. Methods Eng. 19, 563-572. 
Stölken, J. S., Evans, A. G., 1998. A microbend test method for measuring the 
plasticity length scale. Acta. Mater. 46, 5109-5115. 
Strömberg, L., Ristinmaa, M., 1996. FE-formulation of a nonlocal plasticity theory. 
Comput. Methods Appl. Mech. Eng. 136, 127-144. 
Van Mier, J. G. M., Nooru-Mohamed, M. B., 1990. Geometrical and structural 
aspects of concrete fracture. Eng. Fract. Mech. 35, 617-628. 
Vermeer, P. A., Brinkgreve, R. B. J., 1994. A new effective non-local strain 
measure for softening plasticity. In: Chambon, R., Desrues, J., and 
Vardoulakis, I., (Eds.), Localisation and Bifurcation Theory for Soils and 
Rocks. Balkema, pp. 89-100. 
Volokh, K. Y., Hutchinson, J. W., 2002. Are lower-order gradient theories of 
plasticity really lower order? J. Appl. Mech. 69, 862-864. 
Voyiadjis, G. Z., Deliktas, B., 2009. Formulation of strain gradient plasticity with 
interface energy in a consistent thermodynamic framework. Int. J. Plast. 25, 
1997-2024. 
Voyiadjis, G. Z., Taqieddin, Z. N., Kattan, P. I., 2008. Anisotropic damage-
plasticity model for concrete. Int. J. Plast. 24, 1946-1965. 
Wu, J. Y., Li, J., Faria, R., 2006. An energy release rate-based plastic-damage 
model for concrete. Int. J. Solids Struct. 43, 583-612. 
 
 
